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Mathematics Contests in Estonia

The Estonian Mathematical Olympiad is held annually in three rounds: at
the school, town/regional and national levels. The best students of each
round (except the final) are invited to participate in the next round.

In each round of the Olympiad, separate problem sets are given to the
students of each grade from the 7th to the 12th. In the last five years, the
final round was organized also to grades 7 and 8; previously, these two
grades participated at school and regional levels only. About 25 students
of each grade reach the final round. Some towns, regions and schools orga-
nize math olympiads for even younger students. The school round usually
takes place in December, the regional round in January or February and the
final round in spring in Tartu. The problems for every grade are usually in
compliance with the school curriculum of that grade but, in the final round,
also problems requiring additional knowledge may be given.

The first problem solving contest in Estonia took place in 1950. The next
one, which was held in 1954, is considered as the first Estonian Mathemati-
cal Olympiad.

In addition to the Olympiad, open contests take place in September and
in December. In addition to students of Estonian middle and secondary
schools, Estonian citizens who are studying abroad may also participate in
these contests. The participants must have never enrolled in a university
or other higher educational institution. The contestants compete in two
categories: Juniors and Seniors. In the former category, only students up
to the 10th grade may participate. Being successful in the open contests
generally assumes knowledge outside the school curriculum.

Based on the results of all competitions during the year, about 20 IMO
team candidates are selected. The IMO team selection contest for them is
held in April or May in two rounds. Each round is an IMO-style two-day
competition with 4.5 hours to solve 3 problems on both days. Some prob-
lems in our selection contest are at the level of difficulty of the IMO but
easier problems are usually also included.

The problems of previous competitions can be downloaded at the Esto-
nian Mathematical Olympiads website.

Problems Listed by Topic

Number theory: [03} [07} [09} [013] 015, [O19} 021}

Algebra: [O10, {014, [OT6, [020, 022

Geometry: [O5}[OT1} 017} 023} [F3
Discrete mathematics: 106}, [012
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Selected Problems from Open Contests

(Juniors.) Find the number of pairs of positive integers (x,y) for
which the equality 20x + 25y = 2025 holds.

(Juniors.) Call a positive integer n interesting if it satisfies all of the
following conditions:
(1) the product of the digits of n is 2025;
(2) the sum of the digits of n is 25;
(3) no two adjacent digits of the number n are equal;
(4) the number n is divisible by 5;
(5) the number n is greater than 20252
How many interesting positive integers are there?

(Juniors.) Find all positive integers n which have (not necessarily
distinct) positive divisors a and b such thatn = (a +1)(b+1).

(Juniors.) Initially, the number 1 is written on the blackboard. In each
step, the number x currently on the blackboard is replaced by the number
vz, Where 7 is the step number. Juku makes 44 such steps in a row.
Find the number that remains on the blackboard at the end.

O5 | (Juniors.) In an acute triangle ABC, the side AB is shorter than the
side AC, and the internal angle bisector at vertex A intersects the altitudes
BE and CF at points X and Y, respectively. Let Z be the midpoint of the
segment XY. Prove that the points A, E, F, and Z lie on the same circle.

(Juniors.) The squares of a grid are colored black and white in a
chessboard pattern (i.e., any two squares sharing a side have opposite col-
ors). Initially, there is a white queen in one corner square and a black queen
in the opposite corner. In one move, a queen can move to any other square
in the same row, column, or diagonal. If the opponent’s queen is on the
path of the moving queen, it is removed from the board, and the player
who made the move wins the game. White moves first, and the players
take turns. However, each player must move their queen horizontally or
vertically on their first move, diagonally on their second move, horizontally
or vertically again on their third move, and so on, alternating. Can either
player win against any counterplay by their opponent, and if so, who, if:
(a) the dimensions of the grid are 3 x 3?

(b) the dimensions of the grid are 4 x 4, and an extra rule applies stating
that a queen can only move to squares of the color of its starting square?

(Juniors.) Find the smallest positive integer n for which the number
2025n is the cube of some even number.

(Juniors.) The cats of Fidgetville all start meowing at the same time.
Once they start meowing, they always do so for 1 minute continuously and
then rest for 9 minutes, and after 9 minutes of rest, they always start me-
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owing again. The dogs of Fidgetville bark every time someone runs past
them, and they also do so for 1 minute, running along with the passerby
and stopping after the minute has passed to wait for the next runner.

Juku and Miku run the same circular track, each at a constant speed, start-
ing from the same point. Juku runs clockwise, completing a lap in 30 min-
utes, while Miku runs counterclockwise, completing a lap in 60 minutes.
Initially, all the dogs run with Juku for 1 minute. Juku and Miku stop run-
ning when, at the time of a meeting, the dogs are again at the exact same
place as them. It is known that at this exact moment, the cats’ minute of
meowing ends. For how many minutes during Juku and Miku’s run did
the dogs bark at the same time as the cats were meowing?

(Juniors.) Find all pairs of positive integers (n, m) for which the num-
ber n! 4 m! is not divisible by any prime number greater than 3.

(Juniors.) In the correct addition A + BC + DEF = GHI]J, different
letters represent different digits. Find all possibilities for the value of I + J.

(Juniors.) Let AD, BE, and CF be the altitudes of an acute triangle
ABC. Point P is the reflection of point F across the line BC. Point Q is the
reflection of point P across the line BE.

(a) Prove that the points P, D, and E lie on the same line.
(b) Prove that the points Q, F, and E lie on the same line.

(Juniors.) On a 5 x 5 grid one has to place k identical white tokens
and k identical black tokens so that every unit square contains at most one
token and when the grid together with the tokens is rotated by 90° around
the center of the grid, the arrangement of tokens remains exactly the same.
(a) Find all positive integers k for which this is possible.

(b) How many suitable arrangements are there for the smallest such k?

(Seniors.) For each positive integer 1, denote by 7(n) the number
of all its positive divisors, and let o(n) denote the sum of all its positive
divisors. Find all positive integers n for which n 4+ t(n) = o(n).

(Seniors.) Solve the following system in real numbers:

X1+ 2xp + 3x3 +4x4 + 5x5 + 6x6 + 7x7 = 1,
Xo + 2x3 + 3x4 + 4x5 + Sxg + 6x7 + 7x1 =
X3 + 2x4 + 3x5 4+ 4xg + Dx7 + 6x1 + 7x3
X4 + 2x5 + 3x6 + 4x7 + 5x1 + 6x2 + 7x3
X5+ 2xg + 3x7 + 4x1 + 5xp + 6x3 4+ 7x4
X¢ + 2x7 + 3x1 +4xy + 5x3 + 6x4 + 7x5 =
X7 + 2x1 + 3xp +4x3 + 5x4 4+ 6x5 + 7xg =

where the variables are x1, X3, X3, X4, X5, X¢, X7.

(Seniors.) Can the number 2025 be expressed as the difference of the
cubes of two integers?

7

~

Il
NSO Uk W

~

~

~




(Seniors.) Does there exist a function defined on all real numbers and
taking only real values, which satisfies the equation

FO+ W)+ (fx+y) =x+y

for all real numbers x and y?

(Seniors.) In an acute triangle ABC, the side AB is shorter than the
side AC, and the incenter is I. Let | be the reflection of point I across the
line BC. The segment A] intersects the circumcircles of triangles BI] and
CI]J at points D and E, respectively, with D # ] and E # J. A circle with
center K is tangent to the side DE of triangle IDE and to the extensions of
its other two sides. Prove that the points B, K, I, and C are concyclic.

(Seniors.) On a 7 x 7 grid, the centers of some squares are marked
such that there is no rectangle whose vertices are all marked points and
whose sides are parallel to the grid lines. Find the greatest possible number
of marked points.

(Seniors.) Find all pairs of integers (a,b) for which
3 2
a’ —a=Db".

(Seniors.) Find the greatest positive integer n for which the system
consisting of 7 inequalities

1 <x <2
2 < x? <3

has at least one real solution x.

(Seniors.) Let m and n be integers satisfying the following two con-
ditions:
(1) m and n are either both divisible by 2 or neither is divisible by 2;
(2) m and n are either both divisible by 3 or neither is divisible by 3.
Prove that the number mn (m* — n?) (m* + n* + m*n?) is divisible by 504.

(Seniors.) Real-valued variables satisfy the system of equations

x +y +z +w = 4
X2+ P+ 22+ w = 6
x3—|—y3+z3+w3 10,
where x > y > z > w > 0. Find the largest and the least possible value of x.

(Seniors.) In a trapezoid ABCD, the base AD is longer than the base
BC, and ZDAB > ZCDA. The bisector of the interior angle at vertex A
intersects the leg CD at point E, where ZEDA > ZDAE and ZAED > 90°.
Point F is chosen on the line BE so that DF || AB. Point G is chosen on
the circumcircle of triangle DEF so that GE || BC (G # E). Prove that the
segments FG and CE have equal length.
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Selected Problems from the Final Round of
National Olympiad

(Grade 7.) Find the least two natural numbers n for which there exist
prime numbers p and g such that both n 4 18 and 4n + 7 are divisible by pg.

(Grade 7.) Points A, B, C, D, E, F, G, H are marked on a line in this
order. The length of segment AH is 200 cm, the length of segment BG is
85 cm and the length of segment CF is 60 cm. Considering all segments
whose endpoints are two marked points, the sum of the lengths of the seg-
ments under consideration is 2026 cm. Find the length of segment DE.

(Grade 7.) Let the midpoint of segment DE be A. On the same side
of line DE, points B and C are chosen such that triangles ABD and ACE are
isosceles with bases AD and AE, respectively, and ZCAB = 90°. On line
CA, point F is chosen such that ZFDB = 90°. Knowing that ZABC = 20°,
find the size of angle AFD.

(Grade 7.) There are two types of sticks of the same thickness in the
warehouse: blue sticks are 14 cm long and red sticks are x cm long. For
transportation, the sticks are arranged lengthwise in rows as short as possi-
ble so that each row contains only sticks of one colour and all rows are the
same length. Later, all the sticks are cut into pieces as long as possible such
that all the pieces are the same length. It is known that from each row 12
pieces of sticks can be made. Find all the possibilities that x can be.

(Grade 8.) Let m and n be integers satisfying
2m? — 3n? + m*n® = 57.
Find all possible values of m + n.

(Grade 8.) The lengths of sides AD ja CD of parallelogram ABCD
are correspondingly 4 cm and 9 cm. The bisector of angle BCD intersects
lines AB and AD at points L and M. On line BC point E is chosen so that
ZELC = 90°. How many times is the area of parallelogram ABCD bigger
than the area of triangle ELM?

(Grade 8.) A 10 x 10 board is called a sea. A ship consists of at least 2
consecutive unit squares of the same row or column of the sea. Unit squares
of different ships cannot coincide or have a common side, but a common
vertex is allowed. Is it always true that all unit squares of the ships can be
colored red or green so that no unit squares having a common side or vertex
are of the same color?

(Grade 8.) Let a, b and ¢ be positive integers satisfying the conditions
5a —2b = 20c and a + 4b = 26c. How many pairs of positive integers (1, 1)
exist such that ma + nb = 2026¢?

(Grade 9.) Find all positive integers n such that the number 3" — 1 is
the product of two consecutive positive integers.
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(Grade 9.) Triangle ABC has a right-angle at vertex A. The point D
on the side BC is chosen such that the segments BA and BD are of equal
length. Let E be the reflection of the point A across the line BC. The rays
BE and AD intersect in point F. Triangle ACF has circumcenter O. Prove
that points B, C, F, and O are concyclic.

(Grade 9.) Ats and Pets play the following game on an 8 x 8 grid of
unit squares. At the start all unit squares are uncoloured. On each move a
player colours one uncoloured unit square red or blue that has a common
side with at most one unit square of that colour. They take turns with Ats
starting. The player who cannot make a move loses. Is it possible for either
player to beat the opponent in every counterplay, and if so, which one?

(Grade 9.) A point K is chosen on the side AB of the rectangle ABCD
and a point L is chosen on the side BC. The segment KL and the diagonal
BD of the rectangle intersect in the point M. It is known that the lengths
of the segments BM and MD are in the ratio 1 : 4, while the lengths of the
segments KM and ML are in the ratio 2 : 3. What fraction is the area of
triangle BLM of the area of rectangle ABCD?

(Grade 10.) Find all pairs (a,b) of positive integers such that both
a? — 4b and b? — 4a are perfect squares.

(Grade 10.) Find all triples (x,y,z) of positive real numbers which
satisfy the system of equations

=

<

RI= N= =

N

(Grade 10.) In triangle ABC, the circle centered at A and passing
through C also passes through the midpoint of BC. The circle centered at B
and passing through C, also passes through the midpoint of AC. Prove that
ABC is isosceles.

(Grade 10.) The coordinate plane is divided
into crosses consisting of 5 unit squares such that each
unit square is contained in exactly one cross. Find all
pairs (1, m) of positive integers, for which a rectangle
with dimensions # x m can be placed onto the grid
such that its sides overlap with the grid lines and no
cross has exactly one unit square covered by the rect-
angle.

(Grade 11.) Let n be the fifth power of a prime. Can the sum of all
positive divisors of n be a perfect square?

(Grade 11.) Let n be a positive integer. Order the numbers (n!)", n™
and (n")! by size and find all equality cases.
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(Grade 11.) In an acute triangle ABC, the circumcentre is O and the
orthocentre is H. The lines AH and BH intersect the circumcircle of ABC at
D # Aand E # B. Let K # C be the intersection of BC and the circumcircle
of CEO. Let L be the circumcenter of BHD. Prove that OKL is isosceles.

(Grade 11.) A finite number of positive integers is written on the
blackboard. On each turn, two numbers x and y such that x < y are re-
placed with the numbers x + ged(x +1,y+1) — 1 and y — ged(x, y). Prove
that after finitely many turns, all numbers on the blackboard will be equal.

m (Grade 12.) Fmd all triples (x,y, z) of positive integers which satisfy
the equation x¥~ = y*°

(Grade 12.) Let a, b, ¢ be real numbers from [0, 1]. Prove that
9abc+9 =2 (a+b+c)>.

(Grade 12.) A positive integer n is given. Find all positive integers
that can be expressed as the sum of one or more distinct positive odd inte-
gers, each of which is less than 2n.

(Grade 12.) Solve the equation

sin3x + sin7x = sin 10x.

Selected Problems from the IMO Team Selection
Contests

Let xq,x7,...,x, be positive real numbers, where n > 2. Prove that
there exist indices i and j such that

2
(X1 +x24... 4 xp) <9
X1 +2xy+...+nxy /

Let R be the set of real numbers. For a function f : R — R and for
all real numbers x, y and z the following inequality holds:

f) + fy) +£(2) = flxy) + f(yz) + f(zx).
Prove that f is an even function.
Find all integers n > 2 for which there exists a set P of n points in

the plane, such that whenever A and B are distinct points in P, then there
exists a point C in P, such that ABC is equilateral.

i
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Selected Problems from Open Contests

(Juniors.) Find the number of pairs of positive integers (x,y) for
which the equality 20x + 25y = 2025 holds.
Answer: 20.
Solution: Note that 2025 = 25 - 81; moving the multiples of 25 to the right
hand side in the given equation and factoring, we obtain the equivalent
equation 20x = 25 (81 — y). Dividing both sides of this equation by 5 gives

4x =5(81—y). (1)
It follows that 4x must be divisible by 5. Since 5 is a prime number and

does not divide 4, the number x must be divisible by 5. Denoting x = 5a,
we can divide both sides of Eq. (1) by 5, obtaining

4a =81 —y.

Ifa=1,2...,20, then 0 < 42 < 81 and we can find y = 81 —4a > 0. If
a > 20, then 4a > 81, so y is negative. Hence there are 20 suitable pairs.
Remark 1: Instead of considering divisibility by 5 in Eq. (I), one may con-
sider divisibility by 4. Namely, Eq. (1)) implies that 5 (81 — i) must be divis-
ible by 4. Since 4 = 22 and 2 { 5, the number 81 — y must be divisible by 4.
Thusy = 4b+1, whereb =0, 1,...,19, which again gives 20 suitable pairs.
Solution 2: Let y = 4q + r, where g and r are integers and 0 < r < 4. Note
that a corresponding integer x exists for y if and only if a suitable x exists
for r. Indeed, if 20x 4 25y = 2025, then

2025 = 20x + 25y = 20x + 100g + 25y — 100g
= 20(x +5g) +25(y — 4q) = 20(x + 59) + 257,

and similarly, if 20x + 25r = 2025, then 2025 = 20(x — 59) + 25y. Trying

thecasesy = 1,y = 2, y = 3 and y = 4, we find that a suitable x exists

only in the case y = 1. Therefore the only positive integers y which can

satisfy the given equation are those of the form 44 + 1. Since the inequality

y = 81 is equivalent to 20x < 2025 —2025 = 0, we have 0 < y < 81.

The answer is therefore the number of integers from 1 to 80 inclusive which

leave remainder 1 upon division by 4. There are 8 = 20 such numbers.

Remark 2: There is also a solution similar to Solution 2 where one considers

the value of x instead of y, and the remainder obtained upon division by 5.
(Juniors.) Call a positive integer n interesting if it satisfies all of the

following conditions:

(1) the product of the digits of n is 2025;

(2) the sum of the digits of n is 25;

(3) no two adjacent digits of the number n are equal;

(4) the number n is divisible by 5;

(5) the number n is greater than 20252,

How many interesting positive integers are there?
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Answer: 13.

Solution: Since 2025 = 3% - 52, the single-digit divisors of the number 2025
are 1, 3, 5 and 9. By condition 1, an interesting number n must consist of
these digits. Obviously, the digit 5 must occur exactly twice, and in order
to satisfy condition 4 one of these occurrences must be at the end of the
number. By condition 2, the sum of the remaining digits mustbe25—-2-5 =
15. Hence the number n cannot contain two digits 9.

e If the number n contains one digit 9, then in order to satisfy condi-
tion 1 it must also contain two digits 3. Since 9 +3 +3 = 15, the
number 7 cannot contain any more digits, that is, n is 5-digit. But
20252 = 4100625, so such an 1 cannot be greater than 20252, which
contradicts condition 5.

¢ If the number n contains no digit 9, then in order to satisfy condition 1
it must contain four digits 3. Since 3 +3 4+ 3 4+ 3 = 12, it must also
contain three digits 1. Such a number is 9-digit, so condition 5 is sat-
isfied. In order to satisfy condition 3, the other digit 5 must be in one
of positions 1 to 7 from the left. If it is in the first position, then the
remaining digits can only be in the order 3131313. In the remaining 6
cases, the other digits are divided into two parts, one of which has an
odd number and the other an even number of digits, and in both parts
the digits 3 and 1 must alternate. In the part with an even number of
digits, the choice of the first digit is free; in the other part, the first and
last digits must be 3. Thus we obtain 1 + 6 - 2 = 13 possibilities.

It follows that there are 13 interesting numbers in total.

(Juniors.) Find all positive integers n which have (not necessarily
distinct) positive divisors a and b such thatn = (a +1)(b+1).
Answer: 4,6,12.
Solution: The numbers 4, 6, and 12 are suitable, because:

* the number 4 is divisibleby land4=2-2= (1+1)(1+1);
e the number 6 is divisibleby land 2and 6 =2-3 = (1+1)(2+1);
e the number 12 is divisibleby 2and 3and 12 =3-4 = (24+1)(3+1).

Let us now show that there are no other suitable numbers. Let n be an
arbitrary number satisfying the condition of the problem, and let 2 and b
be its divisors such that n = (a+1)(b+1). Sincen = (a+1)(b+1) is
divisible by a and the number a(b + 1) is also divisible by a, their difference
(a+1)(b+1) —a(b+1), which is b + 1, must also be divisible by a. Thus
a < b+ 1. Similarly, we can see that the number a + 1 is divisible by b,
which implies b < a 4 1. For the inequality a < b 4 1, we must have either
a < bora = b+ 1; similarly, for the inequality b < a + 1, we must have
either b < a or b = a + 1. This yields three cases, which we examine below.
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e Ifa =b+1,thenn = (b+2)(b+1) = b*>+3b+ 2. The number n,
ie., b* + 3b + 2, is divisible by b, and the numbers b% and 3b are also
divisible by b. Therefore, the difference (b* +3b+2) — b* —3b = 2
must also be divisible by b. This gives the possibilities b = 1 and
b =2, from which n = 6 or n = 12, respectively.

¢ The case b = a + 1 is symmetric and yields the same solutions.

e Ifa#b+1and b # a+ 1, then both conditions a < b and b < a must
hold, i.e.,a = b. In this case n = (b + 1)? = b*> 4 2b + 1. The number 7,
ie., b% +2b+1, is divisible by b, and the numbers b% and 2b are also
divisible by b. Therefore, the difference (b*> +2b+1) —b* —2b = 1is
also divisible by b. This can happen only if b = 1, which yields n = 4.

(Juniors.) Initially, the number 1 is written on the blackboard. In each
step, the number x currently on the blackboard is replaced by the number
smerx1, Where 7 is the step number. Juku makes 44 such steps in a row.
Find the number that remains on the blackboard at the end.

Answer: ﬁ or 201—25.
Solution: Let us examine the reciprocals of the numbers written on the
blackboard. If before step n the reciprocal of some number y, i.e., l, is on

y
1

the blackboard, then after step n the number on the blackboard is 2,, ! & ey

which is m, the reciprocal of y + 2n 4 1. Thus, in steps 1,2, 3, ..., the
odd numbers 3,5,7, ... are added to the denominator. Since the initial num-
ber on the blackboard is 1, i.e., %, after 44 steps the number on the black-
board is %, where
s=1+3+5+...+89.

We pair the first term with the last, the second with the second-to-last, and
so on, up to the last and first term. The sum of the numbers in each pair
is 90, and there are 45 pairs. Since each term appears twice in these pairs,

s = % = 45.45 = 2025. Therefore, the number ﬁ remains on the
blackboard at the end.

Remark: A direct solution by induction is also possible.

O5 | (Juniors.) In an acute triangle ABC, the side AB is shorter than the
side AC, and the internal angle bisector at vertex A intersects the altitudes
BE and CF at points X and Y, respectively. Let Z be the midpoint of the
segment XY. Prove that the points A, E, F, and Z lie on the same circle.
Solution: Let H be the orthocenter of triangle ABC, and let K be the intersec-
tion point of the internal angle bisector at vertex A with the side BC (Fig. [I).
Denote ZCAK = ZKAB = a. Then

ZYXH = ZAXE =180° — ZXEA — ZEAX = 180° —90° — & = 90° — a.
Similarly,

ZHYX = /FYA =180° — LAFY — ZYAF = 180° — 90° —a = 90° — a.

14



Fig. 1 Fig. 2

Thus ZYXH = ZHYX, which implies that the triangle HXY is isosceles
with the apex at vertex H. This shows that the midpoint Z of the side XY is
also the foot of the altitude drawn from vertex H, i.e.,, ZHZA = /HZX =
90°. Therefore, the point Z lies on the circle with diameter AH. However,
ZAFH = ZHEA = 90° as well, which means that the points E and F also
lie on the circle with diameter AH. In conclusion, the points A, E, F, and Z
lie on the same circle.

Remark: The statement of the problem also holds if the side AB is longer
than the side AC. The points X and Y are located on the segment AK in a
different order (Fig. [2), but the same proof works.

(Juniors.) The squares of a grid are colored black and white in a
chessboard pattern (i.e., any two squares sharing a side have opposite col-
ors). Initially, there is a white queen in one corner square and a black queen
in the opposite corner. In one move, a queen can move to any other square
in the same row, column, or diagonal. If the opponent’s queen is on the
path of the moving queen, it is removed from the board, and the player
who made the move wins the game. White moves first, and the players
take turns. However, each player must move their queen horizontally or
vertically on their first move, diagonally on their second move, horizontally
or vertically again on their third move, and so on, alternating. Can either
player win against any counterplay by their opponent, and if so, who, if:
(a) the dimensions of the grid are 3 x 3?

(b) the dimensions of the grid are 4 x 4, and an extra rule applies stating
that a queen can only move to squares of the color of its starting square?
Answer: a) Yes, Black; b) No.

Solution:

(@) Denote the columns of the grid with the letters a, b, ¢ and the rows
with the numbers 1, 2, 3, so that the white queen is initially on square al
and the black queen on square c3 (Fig. [3). We will show that Black can
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win regardless of White’s moves. On the first move, the white queen can
move to square b1 or a2, because by moving to c1 or a3, the opponent could
immediately capture the queen on their turn. By symmetry, we may assume
that the white queen moves to b1 (Fig.[d). Let the black queen move to b3
(Fig.[5). On the second move, the rules allow White to move to square a2 or
c2, but in both cases, Black can capture the queen. Therefore, Black can win
the game in any case.

4 ./ .;,W’ i Hn W{;
Ve | 1 / /,7/

(b) Denote the columns of the grid with the letters a, b, ¢, d and the rows
with the numbers 1, 2, 3, 4, so that the white queen is initially on square al
and the black queen on square d4 (Fig.[6). Let us examine how the game can
proceed if both players make the best possible moves. On the first move,
the white queen can go to square c1 or a3. By symmetry, we may assume
that White moves to c1 (Fig.[7). Black can only respond by moving to b4
(Fig. , because after the other legal move to d2, White can win on the next
move. After the move to b4, White can only move to b2 (Fig. EI), because the
other legal moves to a3 and d2 lose immediately. Now Black must choose
between the two options a3 and ¢3, as the move to d2 would lose at once.
Suppose Black’s second move is to a3 (Fig. [10). We will show that in this
case White can win regardless of Black’s subsequent actions. Let White’s




third move be to d2 (Fig.[11). Black’s only response that does not lose im-
mediately is to al (Fig.[12). Let White’s fourth move be to b4 (Fig. [I3).
Black’s only move that does not lose immediately is to c3 (Fig. [14). White
can now move to b2 (Fig.[I5). Black’s both legal responses to a3 and c1 lose.

Therefore, we only need to consider the case where Black’s second move
is to ¢3 (Fig. . On the third move, White can move to square d2 or b4.
By symmetry, we may assume that White moves to d2 (Fig.[I7). Black’s
only response that does not lose immediately is to a3 (Fig. [I8). Now the
position on the board is essentially the same as after Black’s first move, only
reflected across the diagonal. Since both players have played optimally, the
repetition of the position shows that neither player can win.

Remark: In the variation of part b) where Black’s second move is to a3, White
can also win by moving to c1 on the fourth move. Black’s responses that do
not lose immediately are to b2 and d4, but in both cases White can move to
¢3 and put Black in a fork like in the variation described in the solution.

(Juniors.) Find the smallest positive integer n for which the number
2025n is the cube of some even number.
Answer: 360.
Solution 1: In the prime factorization of a cube, the exponent of every prime
is divisible by 3. In the case of an even number, one of these primes must
be 2. Since 2025 = 3* . 52, the exponent of the prime 3 must be at least 6, and
the exponent of the prime 5 must be at least 3 in the prime factorization of
2025n. To achieve this, the exponent of the prime 3 must be increased by 2,
and the exponent of the prime 5 must be increased by 1. Therefore, the
smallest suitable positive integer  is 23.32.5 je., 360.
Solution 2: Let 20251 = x3, where x is some even number, i.e., x is divisible
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by 2. Since 2025 is divisible by 3 and by 5, x® is also divisible by 3 and by 5.
As both 3 and 5 are prime numbers, it follows that x is divisible by 3 and
by 5. Since 2, 3, and 5 are distinct primes, x is also divisible by 2- 3 -5 = 30.
Checking the multiples of 30, we see that the solutions to the equations
20257 = 30° = 27000 and 20251 = 60° = 216000 are n = 13 + % and
n =106 + %, respectively, which are not integers. However, the solution to
the equation 20251 = 90% = 729000 is n = 360, which is an integer. Thus,
the smallest positive integer with the required property is n = 360.

(Juniors.) The cats of Fidgetville all start meowing at the same time.
Once they start meowing, they always do so for 1 minute continuously and
then rest for 9 minutes, and after 9 minutes of rest, they always start me-
owing again. The dogs of Fidgetville bark every time someone runs past
them, and they also do so for 1 minute, running along with the passerby
and stopping after the minute has passed to wait for the next runner.

Juku and Miku run the same circular track, each at a constant speed, start-
ing from the same point. Juku runs clockwise, completing a lap in 30 min-
utes, while Miku runs counterclockwise, completing a lap in 60 minutes.
Initially, all the dogs run with Juku for 1 minute. Juku and Miku stop run-
ning when, at the time of a meeting, the dogs are again at the exact same
place as them. It is known that at this exact moment, the cats’ minute of
meowing ends. For how many minutes during Juku and Miku’s run did
the dogs bark at the same time as the cats were meowing?

Answer: 1.5.

Solution: Juku runs 2 laps per hour, while Miku runs 1 lap in the opposite
direction. Therefore, their speed relative to each other is 3 laps per hour.
Each meeting takes place after % of an hour has passed, at a distance of
% = % of a lap counterclockwise from the previous meeting point. The run
does not end until the dogs reach one of the 3 possible meeting points.

Running with Juku, the dogs cover % of a lap clockwise, while with Miku

they cover % of a lap counterclockwise. Thus, as long as the run lasts,

the dogs’ position shifts by 2 - 31—0 - % = 63—0 of a lap clockwise every hour,

although the dogs may have been 61—0 of a lap further clockwise during the
hour. The following table shows the dogs’ position at the end of each hour
and their furthest position, measured clockwise from the starting point and
using one sixtieth of a lap as the unit:

Hour Position at Fur?h.est Hour Position at Fur?hest
end of hour | position end of hour | position

1 3 4 4 12 13

2 6 7 5 15 16

3 9 10 6 18 19

Therefore, the run does not end in the first 6 hours. In the seventh hour,
the dogs first move % of a lap, i.e., 2 units clockwise with Juku, and reach
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exactly 20 units, i.e., % of a lap from the starting point. Both Juku and Miku
next reach this point after 6 + % hours, i.e., 400 minutes after the start, at
which point the run ends. Since the cats’ minute of meowing ends at the
exact same moment, the cats always start meowing 10n — 1 minutes after
the run starts and finish meowing 10n minutes after the run starts. The
following table shows the minutes during which the dogs bark:

Hour | With Juku I | With Juku IT | With Miku

1 0-1 31-32 56-57
2 1.5-2.5 32.5-33.5 53-54
3 3-4 34-35 50-51
4 4.5-5.5 35.5-36.5 47-48
5 6-7 37-38 44-45
6 7.5-8.5 38.5-39.5 41-42
7 9-10

Thus, the cats meow and the dogs bark simultaneously only during the
time interval 39-39.5 minutes of the sixth hour and the time interval 9-10
minutes of the seventh hour, totaling 1.5 minutes.

(Juniors.) Find all pairs of positive integers (1, m) for which the num-
ber n! + m! is not divisible by any prime number greater than 3.
Answer: (1,1), (1,2), (2,1), (2,2), (2,3), (3,2), (3,3), (4,4), (4,5), (5,4).
Solution: The condition of the problem means that the equation

n! 4+ m! = 2%3f )

holds for some non-negative integers « and B. Without loss of generality,
we assume that n > m. Obviously m < 4, because if n > m > 5, then 5
would be a divisor of the number n! 4- m!.
Equation (2) is equivalent to the equation

|
m! (1 + ”) = 203p,
m!
n!

If n > m+ 3, then 5 is divisible by n(n — 1)(n —2). Among any three
consecutive integers, there is both a number divisible by 2 and a number

divisible by 3. Thus ,’1’1—', would be divisible by both 2 and 3. But then the
number 1 + ,’177', would not be divisible by either 2 or 3, which means that
this number would have to have some prime factor greater than 3. This
contradiction to the condition of the problem shows that n < m + 2.

It remains to check the pairs (n,m) where m < 4and m < n < m+ 2.
Out of these pairs, (3,1), (4,2), (4,3), (5,3), and (6,4) do not satisfy the
conditions of the problem, while the remaining ones, i.e., (1,1), (2,1), (2,2),
(3,2),(3,3), (4,4), and (5,4), do. In addition, the pairs with their elements

swapped are also suitable.

(Juniors.) In the correct addition A + BC + DEF = GHI]J, different
letters represent different digits. Find all possibilities for the value of I + J.
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Answer: 8.

Solution: When adding 3 numbers, the carry from any place value to the
next can be at most 2. However, since hundreds appear in only one number,
the carry into the thousands place can only be 1. Therefore, G = 1.

Tens appear in two numbers, and the largest conceivable digits for the tens
in them are 9 and 8. Together with a possible carry from the ones, the sum
could be at most 9 + 8 + 2 = 19. Thus, the carry from the tens to the hun-
dreds can also only be 1, and this must be the case in order to trigger a carry
into the thousands in turn. This gives D = 9 and H = 0 as the only option.
Considering the above, the smallest conceivable value for the sum of the
ones of the three addends, A+ C+ F,is2+3+4 = 9, and the largest
conceivable value is 6 +7 48 = 21. However, 9, 20, and 21 are not possible,
because the digit of the ones of the sum would repeat. Thus a 1 carries
over from the ones to the tens. Consequently, A+ C+ F = 10+ ] and
1+ B+ E = 10+ I. Adding these equations yields A+B+C+E+F =
19 + I + J. On the other hand,

A+B+CHE+F = (0+14+2+3+4+5+6+7+8+9)—D—G—H—1—]
= 45-9-1-0-1—]=35—(I+]).

Solving the system of equations

A4+B+C+E+F =19+ (1+]),
A+B+C+E+F=35—(I+])

with respect to the unknowns A+ B+C+E+Fand [+ ],weget A+ B+
C+E+F=27andI+] =38
The sum I 4 ] can indeed be 8, because by taking, for example, A = 2,
B=4,C=6,E=8,F=71=3,and | = 5, we obtain the correct equality
2+ 46 + 987 = 1035.
Remark: There are 60 possibilities in total, and finding them is not difficult.
Since I + | = 8, the only candidates for GHIJ are 1026, 1035, 1053, and 1062.
If the sum is 1026, then A, C, and F must be either 3, 5, and 8, or 4, 5, and
7 in some order. Correspondingly, B and E must be 4 and 7, or 3 and 8 in
some order. In both cases we get 12 possibilities. If the sum is 1035, then
A, C, and F can only be 2, 6, and 7 in some order, and B and E can only be
4 and 8 in some order, giving a total of 12 possibilities. If the sum is 1053,
then A, C, and F can only be 2, 4, and 7 in some order, and B and E can only
be 6 and 8 in some order, giving a total of 12 possibilities. If the sum is 1062,
then A, C, and F can only be 3, 4, and 5 in some order, and B and E can only
be 7 and 8 in some order. From this we get the final 12 possibilities.
(Juniors.) Let AD, BE, and CF be the altitudes of an acute triangle
ABC. Point P is the reflection of point F across the line BC. Point Q is the
reflection of point P across the line BE.
(a) Prove that the points P, D, and E lie on the same line.
(b) Prove that the points Q, F, and E lie on the same line.
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Fig. 19 Fig. 20

Solution: Let us denote ZCAB = « and ZABC = B.

(a) Since ZBDA = ZBEA = 90° (Fig. , the points D and E lie on the
circle with diameter AB. Thus ZEDC = ZCAB = a. Similarly, the points
D and F lie on the circle with diameter AC, and /BDF = ZCAB = «. From
the definition of P, we also have Z/PDB = /ZBDF = «. In conclusion, we
obtain ZPDB = ZEDC, implying that the points P, D, and E are collinear.
(b) Similarly to the beginning of the proof for part a), it can be shown
that ZFEA = ZCED = B, and by part a), we then also have ZCEP = f
(Fig. @]) By the definition of Q, we have ZQEA = ZCEP = B. In conclu-
sion, ZQEA = /FEA, implying that the points Q, F, and E are collinear.

(Juniors.) On a 5 x 5 grid one has to place k identical white tokens
and k identical black tokens so that every unit square contains at most one
token and when the grid together with the tokens is rotated by 90° around
the center of the grid, the arrangement of tokens remains exactly the same.
(a) Find all positive integers k for which this is possible.

(b) How many suitable arrangements are there for the smallest such k?
Answer: (a) 4, 8, 12; (b) 30.

Solution: We divide the grid into four pieces of sizes 2 x 3 and 3 x 2, so that
the central square is left over (Fig.[2T). When rotating the grid by 90° around
its center, every piece moves to the place where its neighboring piece was
initially. Hence whenever there is a token on some square different from




the central one, there must also be a token of the same color on the corre-
sponding square of the neighboring piece. But then there must also be a
token of the same color on the corresponding square of the third and fourth
pieces. Therefore, on the squares different from the central one, the number
of tokens of each color is divisible by 4. Since the total number of tokens is
2k, which is even, there cannot be a token on the central square. Hence k is
divisible by 4, and on each of the considered pieces there are % white and %
black tokens. Conversely, after placing equal numbers of white and black
tokens on one piece, the tokens on the remaining pieces are determined.
(a) Since each part consisting of 6 squares contains 2 - % = % tokens, we
must have % < 6. This gives the possibilities k = 4, k = 8 and k = 12.

(b) In the case k = 4, on each piece we have to place 1 white and 1 black
token. There are 6 ways to place the white token on one piece and then
5 ways to place the black token, for a total of 6 - 5 = 30 ways. This deter-
mines the arrangement of tokens on the whole board, so there are also 30
ways to place 4 white and 4 black tokens according to the requirements.

(Seniors.) For each positive integer 1, denote by 7(n) the number
of all its positive divisors, and let o(n) denote the sum of all its positive
divisors. Find all positive integers n for which n + t(n) = o(n).

Answer: 4.

Solution 1: We rewrite the equation in the equivalent form 7(n) = o(n) — n.
The right hand side is the sum of all divisors of n except for n. This sum
has 7(n) — 1 terms, each of which is at least 1. The left hand side can be
rewritten as a sum of ones, where the number of terms is T(n). Thus, the
equation is satisfied if exactly one term on the right hand side is different
from 1, and that term is equal to 2. In other words, the equation is satisfied
if and only if the number 7 has exactly one divisor d for which 1 < d < n,
and d = 2. Therefore, n must be an even number greater than 2, and since
% is also a divisor of n and 1 < 5 < n, we must have 5 = 2. From this, we
obtain 1 = 4 as the only solution.

Solution 2: n = 1 does not satisfy the equation, since 1+ 7(1) =1+1 =2
and o(1) = 1. If n is prime, then n + 7(n) = n+ 2, but since o(n) = n+1,
there are no prime solutions either. Let n be a composite number and p its
smallest prime factor. Then #, %, and 1 are distinct divisors of n. Therefore

o(n) =zn+ % + 1. On the other hand, 7(n) < % — p + 3, because the divisors
of n can only be the numbers 1 and #, and integers in the interval {p, %}
Since p > 2, we have n + 7(n) < n+%—p+3 < n—i—%—i—l < o(n).

Thus, the number 7 is a solution to the equation only if equality holds in
every inequality used. This means that p = 2 and #, %, 1 must be the only

divisors of n. Thus n = 22 = 4 is the only possibility. Checking shows that
4+ 1(4) =4+3=7=0(4),son = 4isindeed a solution.
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Solution 3: As in Solution 2, we show that neither the number 1 nor any
prime number 7 satisfies the equation. Thus #n must have at least 3 divisors.
Suppose the number 7 has exactly 3 divisors. If n were divisible by at least
two distinct primes, those primes, 1, and n would all be distinct divisors
of n, meaning that n would have more than 3 divisors. However, if n were
the cube or a higher power of some prime, then the divisors of n would
include more than 3 powers of that prime. Thus n = p? for some prime
number p. The divisors of 1 are then 1, p, and p?, so the condition of the
problem gives p? +3 = 1+ p + p?. Simplifying this yields p = 2, which
means 1 = 22 = 4. Checking shows that 4 + 7(4) = 4+3 =7 = 0(4), so
n = 4 indeed satisfies the equation.

Consider now an arbitrary number 7 satisfying the condition. All divi-
sors can be grouped into pairs (d, %), whose members can be equal only
if d = /n. The smaller of the distinct numbers d and 4 must also be
smaller than /7, otherwise the product of these divisors would be greater
than 1, a contradiction. Thus, there can be at most \/n such pairs of di-
visors, meaning the number of divisors is less than 2/n. Consequently,
n+t(n) < n+2y/n. On the other hand, if the number n had at least 4
divisors, there would have to be a divisor d such thatd # 1, d # n, and
d # y/n. Thend # 4 as well, which yields

2 2
n 2 vn Vn Vn
d+-—2yn=(Vd +() —2vd- Y= = (f—) >0,
from which d + %4 > 2y/nand inturn o(n) > n+d+ % > n+2y/n. In
conclusion, n + T(n) < o(n), which means the condition of the problem
could not hold. Therefore, there are no other solutions.

(Seniors.) Solve the following system in real numbers:

X1+ 2x3 +3x3 +4x4 + 5x5 +6x6 +7x7 = 1,
Xy + 2x3 + 3x4 + 4x5 + Dxg + 6x7 +7x1 = 2,
X3 + 2x4 + 3x5 + 4xg + Dx7 + 6x1 +7xp = 3,
X4 + 2x5 + 3x6 + 4x7 4+ 5x1 + 6x2 +7x3 = 4,
x5 + 2x6 + 3x7 +4x1 +5x2 +6x3 +7x4 = 5,
X6+ 2xy7 + 3x1 +4xy +5x3 + 6x4 + 7x5 =
Xy + 2x1 + 3xp + 4x3 + 5xq + 6x5 + 7x¢ =

where the variables are x1, X3, X3, X4, X5, Xg, X7.
Answer: X1 = Xy = X3 = X4 = X5 = Xg = %,x7 = —%.
Solution: Adding all the equations together followed by dividing both sides
by1+2+3+4+5+6+7gives

X1+xp+x34+x1+x5+x6+x7=1. 3)
Subtracting equation k from equation k + 1, we obtain

&

N

6xk—xk+1—...—x7—x1—...—xk,1:1. (4)
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This holds for each k = 1,2,3,4,5,6. Adding Equations (3) and (@), we get
7xp = 2,80 xp = 2 foreach k = 1,2,3,4,5,6. Substituting these values into
Eq. ,weget6- % + x7 = 1, from which x7 = 1—6-% = —%.
(Seniors.) Can the number 2025 be expressed as the difference of the
cubes of two integers?
Answer: No.
Solution 1: Suppose that for some integers a and b

a® — b® = 2025. (5)

Then a3 > b3, from which it follows thata > b. Leta = b + x, where x > 0.
Since a® — b3 = (b + x)3 — b3 = 3b%x + 3bx? + x, Eq. (5) takes the form

3b%x + 3bx* + x° = 2025.

Since 3b%x, 3bx?, and 2025 are divisible by 3, x> and consequently x must
also be divisible by 3. Substituting x = 3y and dividing by 9, we get

b2y + 3by? + 3y° = 225. (6)
Since 3by2, 3]/3, and 225 are divisible by 3, b2y must also be divisible by 3.
Consequently, either b or y must be divisible by 3. If b were divisible by 3,
then b%y, 3by?, and 225 would all be divisible by 9, meaning that 3y*> would
also have to be divisible by 9. It would follow that y*> and consequently y
must be divisible by 3. But then b%y, 3by?, and 3y would all be divisible by
27, meaning that 225 would also have to be divisible by 27, a contradiction.
Thus b is not divisible by 3, and y must be divisible by 3. Now, since 3by2,
3y?, and 225 are divisible by 9, b?y must also be divisible by 9. Since b is
not divisible by 3, y must be divisible by 9. Equation (6) can be equivalently
rewritten as a quadratic equation with respect to b in the form

yb?+ 3% + (3>~ 225) =0,

The discriminant of this quadratic equation is —3y* + 900y = 3y (300 — ?).
Since y > 0 and y is divisible by 9, we have y> > 9% > 300, so the discrimi-
nant is always negative. Thus, the equation has no solutions.

Solution 2: Suppose that for some integers a, b Eq. (5) holds. Then a® > b3,
from which it follows that a > b.

If a and b were of opposite signs, then we would have a > 0 > b, and
Eq. (5) could be equivalently rewritten in the form a® + |b|> = 2025. Since
both terms are positive here, both are less than the sum 2025, while one
of them must account for at least half of the sum. Half of the sum 2025 is
greater than 1000, i.e., 10%. Calculating, we find 113 = 1331, 12% = 1728, and
133 = 2197 > 2025, so only 1331 and 1728 remain as possible cube values.
Since 2025 — 1331 = 694 and 2025 — 1728 = 297, and neither 694 nor 297 is
a perfect cube, the given equation has no solutions with opposite signs.
We now show that there are no other solutions either. Without loss of gen-
erality, we assume thata > b > 0. Leta = b+ x, where x > 0. From
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Eq. (5) we get 2025 = (b + x)®> — b® = x (3b® + 3bx + x2). Therefore, x must
be a divisor of the number 2025. The smallest positive divisors of 2025 are
1,3,5,9,15. If x were not divisible by 3, then x2 would not be divisible by
3, but then 3b2 + 3bx + x2 would not be divisible by 3 either. Thus, the
product x (3b? + 3bx + x2) would lack the prime factor 3. This would be a
contradiction, as 2025 is divisible by 3. Consequently, x is divisible by 3.

o If x = 3, then the equation 2025 = x (3b* + 3bx + x?) reduces to 225 =
b* + 3b + 3, which in turn rearranges into b*> + 3b — 222 = 0. The
discriminant of this quadratic equation is 897. Since it is not the square
of an integer, the equation has no integer solutions.

o If x = 9, then the equation 2025 = x (3b? + 3bx + x?) reduces to 75 =
b2 4+ 9b + 27, which in turn rearranges into b2 +9b — 48 = 0. The
discriminant of this quadratic equation is 273. Since it is not the square
of an integer, the equation has no integer solutions.

o If x > 15, then x (30> +3bx +x2) > x-x* = x> > 15 > 2025, a
contradiction.

Consequently, the given equation has no integer solutions.

Solution 3: Suppose that for some integers a, b Eq. (5) holds. Then a® > b3,
from which it follows that a > b. As shown in Solution 2, there are no
solutions with opposite signs.

We now show that there are no other solutions either. Without loss of gen-
erality, we assume that @ > b > 0. Since 2025 is divisible by 3 and 5,
Eq. (5) yields a®> = b3 (mod 3) and a® = b® (mod 5). Note that 0> = 0
(mod 3), 13 = 1 (mod 3), and 2% = 2 (mod 3), so the relation a®> = b3
(mod 3) also implies the relation a = b (mod 3). Furthermore, note that
03 =0 (mod5),1% =1 (mod 5), 2% = 3 (mod 5), 3% = 2 (mod 5), and
43 =4 (mod 5); thusif wehad a # b (mod 5), we would also have a3 # b®
(mod 5), a contradiction. Consequently, 2 = b (mod 5). In conclusion, we
obtain 2 = b (mod 15). Since a # b, we have a — b > 15, and moreover
a > 15. Consequently, a* + ab + b? > 152, which gives

2> — b3 = (a—D) (a2 +ab+ bz) > 15% > 2025.
Therefore, Eq. (5) cannot be satisfied.

(Seniors.) Does there exist a function defined on all real numbers and
taking only real values, which satisfies the equation

fO)+fUfW)+ff(fx+y))=x+y

for all real numbers x and y?
Answer: No.
Solution 1: Denote by P(x,y) the equation of the problem. Then P (x, f(x))

yields
f )+ f S+ (x4 f(x))) = x+ f(x), )
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while P (f(x), x) yields

FU@)) + £ (f(x) + f(f (f (f(x) +x))) = f(x) +x. ®)
Combining Equations (7) and (8), we get

f)+F(F(f()) =2f (f(x)- ©)
On the other hand, P(x,0) gives us f(x) + f (f(0)) + f (f (f(x))) = x, i.e.,
f)+fF(f(f(x)) = x = f(£(0)). (10)

Combining Equations (9) and (I0), we get
2f (f(x)) = x = f(f(0)). 11

Substituting x = 0 into Eq. followed by combining like terms yields
3f(f(0)) = 0, from which f(f(0)) = 0. Thus, Eq. takes the form

2f (f(x)) = x, e, ,
F(F) = 2 1)
This must hold for every real number x. Denote Eq. by Q(x). Now

using Q (f(x)) in Eq. (I0), we get f(x) + f(x) = x, which simplifies to
f(x) = 2x. From this identity, however, it follows that

Fn =7 (3x) =3 3r == )

This must also hold for every real number x. But in general %x #+ %x,
which means that Equations and contradict each other. Therefore,
no function satisfies the condition of the problem.

Solution 2: We equivalently rewrite the given equation in the form

fO+ W) =+y) = f(f(fx+y)). (14)

Swapping x and y, the right hand side of Eq. remains the same. There-
fore, the left hand side also does not change, i.e.,

f)+F(fW) = fy) + £ (f(x)). (15)
Substituting y = 0 into Eq. and rearranging the terms, we obtain
f(f(x)) = f(x) + £ (f(0)) = £(0). (16)

This must hold for every real number x; let R(x) denote Eq. (L6).
On the other hand, substituting ¥ = 0 into the original equation, we get

f)+£(f0) + £ (f (f(x))) =x.
Applying R (f(x)) and then R(x) here, we obtain

f)+F(£(0) + f(x) +2(f (f(0)) = f(0)) = x.

From this we can express

Fx) = 30+ £(0) = 3£ (£(0). 7)



This must hold for every real number x; let S(x) denote Eq. (17). But now
the left hand sides of Eq. and S (f(x)) are equal; therefore, the right
hand sides must also be equal:

F()+ £ (F0) = £(0) = 3£(x) + F(0) — o f (£(0)),

from which we can express f(x) = 4f(0) —5f (f(0)). Consequently, f is
a constant function. However, this contradicts Eq. . The contradiction
shows that no function satisfies the condition of the problem.

(Seniors.) In an acute triangle ABC, the side AB is shorter than the
side AC, and the incenter is I. Let | be the reflection of point I across the
line BC. The segment AJ intersects the circumcircles of triangles BI] and
CIJ at points D and E, respectively, with D # [ and E # ]. A circle with
center K is tangent to the side DE of triangle IDE and to the extensions of
its other two sides. Prove that the points B, K, I, and C are concyclic.
Solution: The incenter [ of triangle ABC is the intersection point of the in-
ternal angle bisectors of this triangle. From the definition of point K, DK
and EK are the external angle bisectors of triangle IDE (Fig. and are
therefore perpendicular to the corresponding internal angle bisectors. Con-
sequently,

ZKDE =90°—}/EDI=90°—$/]DI=90°—}/]JBI=90°— ZCBI,

ZDEK =90°— 1 ZIED=90°—1 (180°— ZJEI) =90°— 1 ZIC] =90°— ZICB.

Fig. 22
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At the same time,

/BDE = /BD] = /BI] =90°—ZCBI,

/CED 180°—ZJEC = 180°—ZJIC = 1800—(900—41(:3) =90°+ZICB
(Fig. 23). In conclusion, ZKDE = /BDE and ZDEK + ZCED = 180°,

which shows that the points B, K, and D are collinear, and the points C, E,
and K are also collinear (Fig. [24). It follows that

AIBK = LIBD = LI]D = {IJE = LICE = LICK,

where we use directed angles to cover both the case where point K lies on
the segment BD and the case where point K lies on the extension of segment
BD beyond point B. The obtained equality shows that the points B, K, I,
and C lie on the same circle.

Remark: Due to a jury error, the assumption that triangle ABC is acute was
missing from the problem text presented at the competition. This allowed
for a situation where B = D (Fig.[25) and in which the above solution does
not work, because one cannot speak of the angle BDE.

A

Fig. 25
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(Seniors.) On a 7 x 7 grid, the centers of some squares are marked
such that there is no rectangle whose vertices are all marked points and
whose sides are parallel to the grid lines. Find the greatest possible number
of marked points.

Answer: 21.

Solution 1: If it were possible to mark at least 22 points, then, by the pigeon-
hole principle, there would be at least 4 marked points in one column. Let
us look at the 4 rows containing these marked points. In each of the remain-
ing 6 columns, there could be at most 1 point in these rows. Therefore, in
these rows, there could be at most 4 + 6 = 10 points in total.

Let us now look at the remaining 3 rows. There would have to be a total of
at least 22 — 10 = 12 marked points in them. If there is a column that has
a marked point in all of these rows, then none of the remaining 6 columns
can have more than 1 point in these rows. In total, at most 3 + 6 = 9 marked
points could lie in these rows. Thus, no column has more than 2 marked
points in these rows. Since there are only 3 distinct ways to choose 2 rows
out of the 3 available, at most 3 columns can have 2 marked points, and the
remaining columns can have at most 1 marked point. Therefore, a total of
at most 7 + 3 = 10 points can be marked.

This shows that it is not possible to mark more than 21 points. Figure
shows that it is possible to mark 21 points.

Solution 2: Suppose the centers of some squares are marked in the required
manner. For eachi = 1,...,7, let exactly n; squares be marked in the i-th
column. Then for eachi = 1,...,7, the number of pairs of marked squares

ni (nl 1)

in the i-th column is exactly C%i = . Hence, the total number of pairs

of marked squares located in the same column is m +...+ M

By the condition of the problem, no two counted pairs of squares can he in
the same pair of rows. Thus, the number of counted J)alrs does not exceed

the number of pairs of distinct rows, which is C3 = 22 = 21. Consequently,
ny (np —1) ny (ny —1)
—_—t ..+ —— <21
2 * 2
Fig. 26 Fig. 27
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If the total number of marked points were atleast22,i.e.,, 1y +- - - +ny > 22,
then using the QM-AM inequality, we would obtain

mim=) ) 12 ) — L (g 4. +oy)
> dm+. ) =L+ 4y
= Lm+...+n7)((n+...+n7)=7)
> 2P > 21,

a contradiction.

On the other hand, if we mark the centers of the squares on the first, second,
and fourth cyclic diagonals (Fig. 27), 21 points are marked and the condi-
tions of the problem are satisfied. Thus, the greatest possible number of
marked points is 21.

(Seniors.) Find all pairs of integers (a,b) for which
a® —a =10

Answer: (—1,0), (0,0), (1,0).
Solution 1: Factoring the left hand side, we get the equivalent equation

(a2 - 1) a =1 (18)

Since the consecutive integers a> — 1 and a? are coprime, the numbers a? — 1
and a are also coprime. Their product is a perfect square by Eq. (18). There-
fore the numbers |a> — 1| and |a| must be perfect squares. But a? is also
a perfect square, while |a2 — 1| and a? are consecutive integers. The only
two consecutive integers which are both perfect squares are 0 and 1. Hence
|a> — 1| and a? must be 0 and 1 in one order or the other. If |4 — 1| = 0 and
a*> = 1, then there are two possibilities, s = 1and a = —1. If [a> — 1| = 1
and a? = 0, then a = 0. In every case, Eq. gives b2 = 0,s0 b = 0.
Solution 2: Factoring the left hand side, we get the equivalent equation

(a—1)a(a+1) = b2 (19)

We consider three cases.

e Ifa < —1, then all factors on the left hand side of Eq. are negative,
and therefore the whole left hand side is negative. The right hand side,
however, is nonnegative. Thus there are no solutions.

* Substituting 4 = —1,0,1 into Eq. , we get b = 0 each time. This
gives the solutions (—1,0), (0,0) and (1,0).

¢ If a > 1, then all factors on the left hand side of Eq. are positive.
Since ged(a,a —1) = 1 and ged(a,a+ 1) = 1, we must also have
ged(a, (a—1)(a+1)) =1, and since the product of the numbers 2 and
(a —1)(a+1) is the square of an integer, both 2 and (a — 1)(a + 1)
must be squares of integers.
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Note that ged(a —1,a+1) = ged(a —1,2) < 2. Ifged(a —1,a+1) =
1, then both 2 — 1 and a + 1 must be squares of integers, but three
consecutive integers @ — 1,a,a + 1 cannot all be squares of integers. If
ged(a—1,a+1) = 2, then % . ”;1 is also the square of an integer,

while ged (ﬂ %) = 1. Hence %51 and %! are both squares of

integers. But two consecutive positive integers 21, “erl cannot both

be squares of integers. No further solutions arise from this case.

(Seniors.) Find the greatest positive integer n for which the system
consisting of n inequalities

1 <x <2
2 <x2 <3

has at least one real solution x.
Answer: 4.

Solution 1: We can write the given system of inequalities in the equivalent

form
1 < x <2

V2 < x < V3,

Un < x < Yn+1

All real numbers x satisfying the second inequality also satisfy the first in-
equality, so the first inequality may be omitted. Since v/4 = VVE =2
and v/5 = \/ﬁ < /3, all real numbers x satisfying the fourth inequality
also satisfy the second inequality. Hence the second inequality may also
be omitted. Next we notice that v/6 < /3, because v/6 = Ved = Y216
and V3 = V35 = ¥/243. Therefore the third and fifth inequalities con-
tradict each other, so for n > 5 there are no solutions. It remains to show
that the third and fourth inequalities have common solutions. For this it is
enough to verify that Vi < /3 < /5 < V4. Indeed, V4 = V43 = V64,
V3 = V34 = V81, V5 = V53 = /125 and V4 = V= /256,
and 64 < 81 < 125 < 256. Thus in the case n = 4, the given system of
inequalities has a real solution x.

Solution 2: Suppose that a real number x satisfies the third and fifth in-
equalities. Then in particular 3 < x> and x° < 6, which are equivalent
to the inequalities 3° < x5 and x5 < 63, respectively. From this we get
243 = 3° < 6% = 216, a contradiction. Hence for n > 5 there are no so-
lutions. It remains to show that the first four inequalities have a common

solution. The number X = 19—3 =1+3 4 works, because x2 = 18619 =2+ %,

_ 2197 _ 28561 2317
=% =34 Jhand x* = 28 —4+‘6561~
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(Seniors.) Let m and n be integers satisfying the following two con-
ditions:
(1) m and n are either both divisible by 2 or neither is divisible by 2;
(2) m and n are either both divisible by 3 or neither is divisible by 3.
Prove that the number mn (m* — n?) (m* + n* + m?n?) is divisible by 504.
Solution 1: Since 504 = 7 -8 -9 and the factors are pairwise coprime, it is
enough to show divisibility by 7, 8 and 9.
If m and n are both divisible by 2, then 4 | mn and the remaining two
factors are also even, so the given product is divisible by 8 (in fact, even by
16). If neither m nor 7 is divisible by 2, then m?> = n> = 1 (mod 8), hence
8 | m? — n?. It follows that the given product is again divisible by 8.
If m and n are both divisible by 3, then 9 | mn. If neither m nor n is divisible
by 3, then m?> = n?> =1 (mod 3), hence 3 | m? — n?. We also get m* = n* =
m?n? = 1 (mod 3), which yields 3 | m* + n* + m?n?. Therefore the given
product is again divisible by 9.
Finally, we examine divisibility by 7. If m or n is divisible by 7, then the
product is divisible by 7. Now assume that neither m nor # is divisible by
7. Then the remainder of m? upon division by 7 is 1, 2 or 4, and the same
is true for the remainder of n? upon division by 7. If m?> = n? (mod 7),
then 7 | m? — n? and the product is divisible by 7. But if m? # n* (mod 7),
then m*, n* and m2n2 have remainders 1, 2, 4 modulo 7 in some order, so
7 | m* + n* + m?n? and the product is divisible by 7.
Solution 2: Since 504 = 7 - 8 - 9 and the factors are pairwise coprime, it is
enough to show divisibility by 7, 8 and 9. Notice that

(m2 — 7’12) (m4 + 7’14 + m21’l2) = m6 — 1’16,

so it is enough to analyze the expression mn (m® — n®).

If m and n are both divisible by 2, then 4 | mn and 2 | m® — n®, so the whole
product is divisible by 8. If neither m nor 7 is divisible by 2, then m® — n® is
divisible by 8 as a difference of squares of odd numbers. Again the product
is divisible by 8.

If m and n are both divisible by 3, then 9 | mn and the whole product is
divisible by 9. If neither m nor # is divisible by 3, then by Euler’s theorem
m® =n® =1 (mod 9), hence 9 | m® — n®.

If m or n is divisible by 7, then 7 | mn and the whole product is divisible
by 7. If neither m nor n is divisible by 7, then by Fermat’s little theorem

m® =n® =1 (mod 7), hence 7 | m® — n®.

(Seniors.) Real-valued variables satisfy the system of equations
{ x +y +z +w = 4

PP+ 24w =6
X+ + 28+ w =10,
where x > y 2 z > w > 0. Find the largest and the least possible value of x.
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Answer: greatest 2, least 1 + @
Solution 1: Letx =1+4+a,y =1+b,z =1+ cand w = 1 4 d. Substituting
into the equations of the given system and simplifying, we get

a+b+c+d=0,
A2+ 4+ +d?+2(@a+b+c+d) =2,
PP+ +d>+3 @2+ +32+d?)+3@a+b+c+d) =6
Using the first equation of the new system in the second, and then the first
and second equations in the third, we can simplify the system to the form

a +b +c +d =0,
a2+ 0>+ +d =2, (20)
@+ b+ 3+ d=0.
Here from the first equation we get c +d = — (a + b), so the third equation
of system (20) can be written in the form
(a+0) (az—ab—t—bz) —(a+Db) (cz—cd—i-dz) =0. (21)

Ifa+b =0,thenalsoc+d = 0, which in view of theordera > b >c > d
would be possible only if a = b = ¢ = d = 0, but this does not satisfy
the second equatlon of system ([20). Hence we can reduce equation (21) to
the form (a* —ab+b?) — (¢ —cd +d*) = 0. Adding to this the second
equation of system (20), we get
2a% 4+ 2b% —ab+cd = 2. (22)
On the other hand, squaring both sides of the equality c +d = —(a + b) and
using the obtained relation in the second equation of system (20), we get
a>+b?+ab—cd = 1. (23)
Adding the corresponding sides of Equations and (23), we can sim-
plify the result to a? + b> = 1. Therefore a < 1, and since a > b, we have

a2 >1 5/ie,a> \{ This corresponds to2 > x > 1+ ‘[ . The extreme val-
ues are reahzed by the solutions (x,y, z, w) = (2 1,1, 0) and (x,y,z,w) =

( ‘[ 14 \[ ;1= \[ ;1= ‘[) of the original system of equations.
Solutlon 2: To flnd the greatest value, we consider the function
f)y=t(t—1)> =1 —212 -t

on the interval t € [0,00). Clearly f(t) > 0, and in the case t > 2 we have
f(t) >2-(2—-1)? =2,s0if f(t) <2, then t < 2. Now we compute

)+ f(y) + f(2) + f(w)
=P+ +2+u) -2 (P+P+2+w0) + (x+y+z+w)
=10-2-6+4=2.

Thus f(x) < 2, and by the above x < 2. The value 2 is attainable by taking
(x,y,z,w) = (2,1,1,0).
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To find the least value, we consider the functions

o(t) = (t— (1—@)) (t— (1+§)) =(t-12-1=£2-2+1,
nt) = (1= (1-2)) -8 = 1g(t) - (1= 2) g(t)

on the interval t € [O, 1+ g} . Note that the zeros of the function h are

=1+ g, while outside these zeros the inequality h(t) < 0 holds. Now
we compute

g(x) +8(y) +8(2) +g(w)
= (24P +2+w?) -2 (x+y+ztw)+ (% 4)
=6-2-4+2=0,
xg(x) +yg(y) +28(2) + wg(w)
=B+ +22+0’) -2 P+ +22+w?) + 1 (xty+ztw)
=10-2-6+3-4=0.
Therefore
h(x) +h(y) + h(z) + h(w)
= (xg(x)+yg(y) +23(2) +wg(w)) — (1=2) (8(x)+8()+8(2) +g(w))
=0-(1-%)-0=0.

Since 4x > x+y+z+w = 4, we have x > 1. If we had x < 1+§,
then from the above we would get h(x) < 0, h(y) < 0, h(z) < 0 and
h(w) < 0, in which case h(x) + h(y) + h(z) + h(w) < 0, a contradiction.

Hencex > 1+ ‘[ . The value 1 + ‘[ is attainable if we choose (x,y,z, w) =
(1421 U £)
VN 2 2 )

Remark: All solutions are of the form x = 1+ cost, y = 1+sint, z =
1—sint,w =1—cost, wheret € [0, F]. This s easy to verify in the context
of Solution 1 by substituting a = cos t, using the equality a> + b> = 1 and
noticing that {c,d} = {—a, —b}.

(Seniors.) In a trapezoid ABCD, the base AD is longer than the base
BC, and ZDAB > ZCDA. The bisector of the interior angle at vertex A
intersects the leg CD at point E, where Z/EDA > ZDAE and ZAED > 90°.
Point F is chosen on the line BE so that DF || AB. Point G is chosen on
the circumcircle of triangle DEF so that GE || BC (G # E). Prove that the
segments FG and CE have equal length.

Solution 1: We first notice that /Z/FDG = ZFEG = ZFBC = ZEBC and
/DGF = /DEF = /CEB (Fig.[28). Hence triangles DGF and BEC are
similar.

Since FG and CE are corresponding sides of these triangles, in order to
prove their equality it is enough to prove the equality of any pair of corre-
sponding sides. We show below that DF and BC are equal. For this, let P
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P
B C C
G B E
F F
A D A D

Fig. 28 Fig. 29

be the intersection point of the extensions of the legs of trapezoid ABCD
(Fig.29). Since ZPEB = /DEF and /BPE = /FDE, triangles PEB and

DEF are similar. Therefore 13115 = 1131155’ ie.,
DE

On the other hand, triangles CBP and DAP are also similar because their
corresponding sides are parallel. Therefore gg = A P, that is,

AD
BC =~ - BP. (25)

But by the angle bisector theorem, % = %. Thus from Equalities
and (25) we get DF = BC.
Solution 2: As in Solution 1, we show that triangles DGF and BEC are sim-
ilar. Since FG and CE are corresponding sides of these triangles, in order
to prove their equality it is enough to prove the equality of any pair of cor-
responding sides. We show that DG and BE are equal. For this, let K be
the second intersection point of the circumcircle of triangle DEF with the
line AD (Fig.[30). Since EG and KD are parallel chords of the same circle,
EGDK is an isosceles trapezoid, so DG = EK. Hence, to solve the problem,
it is enough to show that BE = EK.
For this, we first show that the points A, B, E and K are concyclic. Indeed,
/EKA =180°—-4ZDKE = ZEFD = /BFD = 180°—-ZABF = 180° - ZABE.
To show that BE = EK, it is enough to establish the equality of angles
ZEKB = ZKBE. Since, by the above, ABEK is a cyclic quadrilateral, we
have Z/ZEKB = ZEAB = ZDAE = ZKAE = ZKBE, as required.
Remark: The statement of the problem also holds in the case where the bi-
sector of the interior angle at vertex A intersects the extension of theleg CD,
C
B G




or where the angle size relations are not as stated in the text. In general, the
same proofs work, but they have to be adapted to the cases where the order
of the vertices on the circumcircle of triangle DEF is D,E,F,Gor D,G,E, F.
In Solution 2, one also has to cover the special cases where AD is tangent to
the circumcircle of triangle DEF or to the circumcircle of triangle ABE.

Selected Problems from the Final Round of
National Olympiad

(Grade 7.) Find the least two natural numbers 7 for which there exist
prime numbers p and q such that both n + 18 and 4n + 7 are divisible by pg.
Answer: 47, 112.

Solution: Since n + 18 is divisible by pg, 4n + 72 is also divisible by pq. As
4n + 7 is also divisible by pg, the difference (4n +72) — (4n +7) = 65 is
divisible by pq. Since 65 = 5 - 13, the only possibility is pg = 65.

The two smallest natural numbers divisible by 65 are 65 and 130. From
equations n + 18 = 65 and n + 18 = 130 we get n = 47 and n = 112. In
both cases 4n + 7 is also divisible by 65.

(Grade 7.) Points A, B, C, D, E, F, G, H are marked on a line in this

order. The length of segment AH is 200 cm, the length of segment BG is
85 cm and the length of segment CF is 60 cm. Considering all segments
whose endpoints are two marked points, the sum of the lengths of the seg-
ments under consideration is 2026 cm. Find the length of segment DE.
Answer: 21 cm.
Solution 1: Every segment whose endpoints are two marked points consists
of segments whose endpoints are two consecutive marked points (Fig. BI).
We find out, parts of how many different segments are segments AB, BC,
CD, DE, EF, FG and GH.

* Segment AB is a part of exactly 7 segments whose endpoints are two
marked points (AB, AC, AD, AE, AF, AG, AH). Likewise, segment
GH is a part of exactly 7 segments.

* Segment BC is a part of exactly 12 segments whose endpoints are two
marked points, because to choose the first endpoint there are 2 pos-

sibilities and to choose the second endpoint there are 6 possibilities.
Segment FG is also a part of exactly 12 segments.

¢ Similarly segments CD and EF are each a part of exactly 15 segments,
and segment DE is a part of exactly 16 segments.
A B C D E F G H

Fig. 31
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By the conditions of the problem and the observations made, we get

2026 cm = 7AB +12BC + 15CD + 16DE + 15EF + 12FG +7GH
= 7(AB+BC+CD + DE+EF + FG+ GH)
+ 5(BC+CD + DE + EF + FG) +3(CD + DE + EF) + DE
= 7AH +5BG +3CF + DE.
Hence DE = 2026 cm — 7AH — 5BG — 3CF. Substituting AH = 200 cm,
BG =85 cm and CF = 60 cm we get DE = 21 cm.
Solution 2: Notice that if we move all marked points in segment BG to the
left by x centimeters then the lengths of segments AH, BG, CF ja DE do not
change. The sum of the lengths of all segments also remains the same.
Let us move all marked points in segment BG to the left so that points A
and B coincide. Similarly move to the left all points in segment CF and
finally the points D and E. Then the points A, B, C ja D coincide, and all
lengths of segments given in the problem remain the same. Hence
AE=BE=CE=DE, AF=BF=CF=DF,
AG=BG=CG=DG, AH=BH =CH =DH.
In addition
EF = DF - DE = CF - DE, EG=DG—-DE =BG —-DE,
EH=DH-DE=AH-DE, FG=CG-CF=BG-CF,
FH=CH-CF=AH-CF, GH=AH-AG=AH-BG.
Consequently
2026 cm = 4DE +4CF + 4BG + 4AH
+ (CF — DE) + (BG — DE) + (AH — DE)
+ (BG—CF)+ (AH —CF) + (AH — BG).
Here all lengths but DE are given. Solving the equation gives DE = 21 cm.

(Grade 7.) Let the midpoint of segment DE be A. On the same side
of line DE, points B and C are chosen such that triangles ABD and ACE are
isosceles with bases AD and AE, respectively, and ZCAB = 90°. On line
CA, point F is chosen such that ZFDB = 90°. Knowing that ZABC = 20°,
find the size of angle AFD.

Answer: 140°.
Solution 1: From triangle ABC we get

/BCA =180° — ZCAB — ZABC = 180° — 90° —20° = 70°

(Fig.. Denote « = ZEAC = ZDAF. Since triangle ACE is isosceles, also
/CEA = a. At the same time

/ZBAD =180° — ZEAC — ZCAB =180° —a —90° = 90° — «,

and since triangle ABD is isosceles, ZADB = 90° — «a. Therefore ZFDA =
ZFDB — ZADB = 90° — (90° — &) = a, so triangle AFD is isosceles with
the base AD. Since Z/DAF = a« = ZEAC and ZFDA = o« = ZCEA and
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Fig. 32 Fig. 33

also AD = AL, triangles ACE and AFD are equal. So AF = AC. Hence
the sides AF and AC of triangles ABF and ABC are equal and the side
AB is common, whereas Z/BAF = 90° = ZCAB (Fig.[B3). Thus triangles
ABF and ABC are equal, whence ZAFB = ZBCA = 70°. Also the sides
DB and AB of triangles DBF and ABC are equal, DF and AC are equal
and ZFDB = 90° = ZCAB. Therefore triangles DBF and ABC are equal,
whence /BFD = ZBCA = 70°. Finally

ZLAFD = /BFD + LAFB = 70° 4+ 70° = 140°.

Solution 2: Let G be the intersection point of lines BD and EC (Fig. [34).
Since triangles ABD and ACE are isosceles, we get ZEDG = ZBAD and
ZGED = ZEAC. Thus ZGED + ZEDG = ZEAC + ZBAD = 90°. From
triangle DEG we now get ZDGE = 180° —90° = 90°.

Since ZCGB = ZEGB = 90° = ZCAB, points C, A, G and B lie on the
same circle (with diameter BC). From inscribed angles subtending arc AC
we find ZAGC = ZABC = 20°. At the same time A is the center of the
hypotenuse of the right triangle DEG, so it is the center of the circumcircle
of the triangle, hence AG = AD = AE.




From the isosceles triangle AEG we get
/CEA = /GEA = LZAGE = ZAGC =20°,

from the isosceles triangle ACE we get /ZEAC = ZCEA = 20° and from
vertex angles /DAF = ZEAC = 20°. On the other hand

ZDGA = Z/DGE — ZAGE =90° —20° = 70°,
thus from the isosceles triangle ADG we get ZGAD = 180° —2-70° = 40°.

Now ZGAF = ZGAD + ZDAF = 40° +20° = 60°. Finally the sum of
interior angles of quadrilateral AFDG gives

ZLAFD =360°—/ZFDG—/ZDGA—-ZGAF = 360°—90° —70° —60° = 140°.

(Grade 7.) There are two types of sticks of the same thickness in the
warehouse: blue sticks are 14 cm long and red sticks are x cm long. For
transportation, the sticks are arranged lengthwise in rows as short as possi-
ble so that each row contains only sticks of one colour and all rows are the
same length. Later, all the sticks are cut into pieces as long as possible such
that all the pieces are the same length. It is known that from each row 12
pieces of sticks can be made. Find all the possibilities that x can be.
Answer: 168, %, % ja %.

Solution: Choose the unit so that the length of one piece is 1 unit. Let the
lengths of blue and red sticks be a4 and b units correspondingly. Then a
and b are positive integers with ged(a,b) = 1. Since the length of row
is 12 units, a and b are divisors of 12. Also lem(a,b) = 12, because the
rows are the shortest possible. Hence ged(a, b) - lem(a, b) = 12, but because
ged(a,b) -1lem(a, b) = ab, we have ab = 12.

There are 6 ways to represent 12 as the product of two positive integers:

12=1-12=2-6=3-4=4-3=6-2=12-1.

Options a = 2,b = 6 and a = 6,b = 2 do not meet the conditions, because
ged(a, b) # 1. Consider the remaining 4 cases.

¢ Ifa = 1,b = 12 then 1 unit equals 14 cm, so 12 units equals 168 cm.
Hence x = 168.

¢ If a = 3,b = 4 then 3 units equals 14 cm, so 4 units equals % 14 cm.

Hence x = %6.

e If a = 4,b = 3 then 4 units equals 14 cm, so 3 units equals % - 14 cm.

Hence x = %

e Ifa =12,b = 1 then 12 units equals 14 cm, so 1 unit equals 7, - 14 cm.

Hence x = %.

(Grade 8.) Let m and n be integers satisfying
2m? — 3n? + m*n® = 57.

Find all possible values of m + n.
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Answer: 9,5, —5, —9.
Solution 1: Subtracting 6 from both sides of the equation and factoring the

left hand side we get
(m? = 3) (n*+2) =51.

Because n% 4+ 2 > 0, also m% — 3 > 0. The number 51 can be represented as
a product of two positive integers as 51 =1-51 =3-17 =17-3 =51 - 1.
Consider all cases.
e Ifm2—3 =1and n2+2 = 51 then m? = 4 and n?2 = 49. Hence
m = £2 and n = £7. All possible values of m + n are 9, —5,5 and —9.
e Ifm?—3 =3and n?+2 = 17 them m? = 6 and n? = 15, so neither m
nor # is an integer.

e Ifm? —3 =17 and n% 4 2 = 3 then m? = 20, hence m is not an integer.
e The case m2 —3 =51, n24+2 = 1is also impossible, because n2 # —1.

Hence all possible values of m + n are 9, —5,5 and —9.
Solution 2: The equation is equivalent to m?n® + 2m? = 3n? + 57, where
factoring both sides gives

m? <n2+2) =3 (112 +19) .
Since n? +2 > 0 we can divide by n% + 2, so

, 3(n*+19)

m=— o (26)
Let ged (n% + 2,1 + 19) = d. Then d divides (n* 4+ 19) — (n*> +2) = 17, so
d=1lord=17.
If d = 1 then n? + 2 must be a divisor of 3, otherwise Eq. @ cannot have
integer solutions. Since n? +2 > 2, the only possibility is n> +2 = 3,
whence 7% + 19 = 20. Equation now gives m? = 20, which does not
have integer solutions.

If d = 17 then n? + 2 = 17k, where k is a positive integer. Substituting this
into Eq. gives

2 3(k ij 1) '
Since ged(k,k+1) = 1, k must be a divisor of 3,sok =lork =3. Ifk =1
then m? = 6, which does not have integer solutions. If k = 3 then m? = 4.
From n? +2 = 17k = 17 -3 = 51 we get n?> = 49. Hence m = +2 and
n = £7. All possible values of m +n are 9, —5, 5 and —9.

(Grade 8.) The lengths of sides AD ja CD of parallelogram ABCD
are correspondingly 4 cm and 9 cm. The bisector of angle BCD intersects
lines AB and AD at points L and M. On line BC point E is chosen so that
ZELC = 90°. How many times is the area of parallelogram ABCD bigger
than the area of triangle ELM?
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Answer: % or 1.8.
Solution: Denote by S the area of figure K.
A diagonal divides a parallelogram into two equal triangles, hence

SaBcp = 254Bc- 27)
From conditions of the problem /DCL = ZLCB (Fig.[35). Since AB || CD,
we have Z/DCL = ZBLC. Hence ZLCB = ZBLC, so triangle LBC is isosce-
les with the vertex angle at B. Therefore LB = BC = AD = 4 cm. At the
same time AB = CD = 9 cm. Triangles ABC ja LBC have a common al-
titude drawn from vertex C and the ratio of lengths of the corresponding
bases AB and LB is §. Consequently

Sapc = ZSLBC- (28)
Notice that the equalities ZELB = ZELC — ZBLC = 90° — ZBLC and
/BEL = ZCEL = 180° — ZELC — ZLCE = 90° — ZLCE hold. Since
/BLC = ZLCB = ZLCE, we have ZELB = /BEL. Hence BE = BIL,
implying EC = 2BC. Thus triangles LBC ja LEC have a common altitude
drawn from vertex L, but the ratio of lengths of the corresponding bases BC
and EC is 3. Therefore

1
Stec = 55LEC- 29)
Finally notice that since AD || BC, we have /ZLMA = ZLCB, and from
vertex angles ZALM = ZBLC. Hence triangles LBC and LAM are similar,
whence % = % = ABL%LB = % —1= 3 —1= 3. Thus triangles LEC
and LEM have a common altitude drawn from vertex E, but the ratio of
lengths of the corresponding bases LC and LM is %. Therefore

4
Stec = gSLEM- (30)
From Equations (27), (28), (29) and (30) we get

9 9 1
Sapcp = 2S4Bc =2+ ZSLBC =2 i ESLEC =2

S

1 9
2 ZS1EM = =SLEM.
7’5 LEM 5 LEM

| \O

Consequently the area of parallelogram ABCD is % times bigger than the
area of triangle ELM.

D C

Fig. 35
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(Grade 8.) A 10 x 10 board is called a sea. A ship consists of at least 2
consecutive unit squares of the same row or column of the sea. Unit squares
of different ships cannot coincide or have a common side, but a common
vertex is allowed. Is it always true that all unit squares of the ships can be
colored red or green so that no unit squares having a common side or vertex
are of the same color?

Answer: No.

Solution 1: Denote the rows by numbers 1 to 10 and columns by letters A
to J. Choose one ship consisting of 3 squares B1 — C1 — D1 and four ships
consisting of 2 squares A2 — A3, B4 — B5, C3 — D3 and E2 — F2 (Fig. B6).
Consider the path

Bl1—-Cl1—-Dl1—E2—D3—C3— B4—+ A3 — A2 — B1

(on Fig. 36| marked with dots). All squares belong to some ship and ev-
ery two consecutive squares on the path have a common side or vertex.
Hence all consecutive squares must have different colors. But the path has
10 squares, hence the first and the last squares must be of different colors,
but both are the same square. Hence the required coloring is not possible.

10 10

9 9

8 8

7 7

6] 6

51 | 5

4 ° 4 o‘o

3le o‘o 3le o‘o
20l || e SOEENND
IRDDOEE IRDDDOEN
ABCDEFGHTI J ABCDEFGHTI J

Fig. 36 Fig. 37

Solution 2: Denote the rows and columns similarly as in Solution 1. Choose
one ship consisting of 4 squares B1 — C1 — D1 — E1 and four ships consist-
ing of 2 squares A2 — A3, B4 — C4, D3 — E3 and F2 — G2 (Fig.[37). Consider
the path

Bl—-Cl—-Dl1—E1—F2—E3—D3—+C4—B4— A3 — A2 — Bl

(on Fig.[37|marked with dots). Since the path has 12 squares we get a con-
tradiction as in solution 1. Hence the required coloring is not possible.
Remark: Solution 2 shows that the answer is no, even if all ships must consist
of even number of squares.

(Grade 8.) Let a, b and ¢ be positive integers satisfying the conditions
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5a — 2b = 20c and a + 4b = 26c. How many pairs of positive integers (m, 1)
exist such that ma + nb = 2026¢?

Answer: 68.

Solution: Multiplying equation 5a — 2b = 20c by 2 and adding equation
a+4b = 26c we get 11a = 66¢, thus a = 6¢. Multiplying a + 4b = 26¢ by 5
and subtracting 5a — 2b = 20c we get 22b = 110c, thus b = 5c.

Equation ma + nb = 2026c now takes the form m - 6¢ +n - 5¢ = 2026¢, hence

6m + 5n = 2026. (1)

Now n must be even, so the last digit of 6rn must be 6, hence the last digit of
m must be 1 or 6. Therefore Eq. holds if and only if the last digit of m is 1
or 6 and 6m < 2026. Since 336 - 6 = 2016 < 2026, but 341 - 6 = 2046 > 2026,
mcanonlybel,6,11,16,...,331,336 which makes 68 possibilities. Since for
every m there exists a unique #, there are 68 pairs.

(Grade 9.) Find all positive integers n such that the number 3" — 1 is
the product of two consecutive positive integers.
Answer: 1.
Solution 1: Let n satisfy the condition of the problem, then for some positive
integer m we have

3"=m(m+1)+1. (32)

The left hand side of this equation is divisible by 3. If m = 3k or m = 3k + 2,
then the right hand side is not divisible by 3, contradiction. Thus we can
only have m = 3k + 1. Substituting it into Eq. yields

3" = (3k+1)(3k+2)+1:9k2+9k+3:3(3k2+3k+1).

The number 3k? + 3k + 1 = 3k(k + 1) + 1 is never divisible by 3, whence
3 (3k? + 3k + 1) is not divisible by 9. But if n > 1, then 3" is divisible by 9,
contradiction. The case n = 1 works for m = 1.

Solution 2: Let n satisfy the condition of the problem, then for some positive
integer m we have

m?+m—(3"—1)=0.

Consider this as a quadratic equation with respect to m. The discriminant of
the equationis 1 +4 (3" —1) =4-3" —3 = 3 (4-3""! —1). For an integer
solution m to exist, the discriminant must be a perfect square, which yields

3 (4 3l 1) — 2 (33)

for some integer x. The left hand side of Eq. is divisible by 3, so the
right hand side must be divisible by 3 as well. This means that x is divisible
by 3, but then x? is divisible by 9 as well. But for the left hand side to be
divisible by 9, the factor 4 - 3”1 — 1 must be divisible by 3. If n > 1, then
3"~ 1 is divisible by 3 s0 4 - 3"~! — 1 is not divisible by 3, contradiction. The
case n = 1 works for m = 1.
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(Grade 9.) Triangle ABC has a right-angle at vertex A. The point D
on the side BC is chosen such that the segments BA and BD are of equal
length. Let E be the reflection of the point A across the line BC. The rays
BE and AD intersect in point F. Triangle ACF has circumcenter O. Prove
that points B, C, F, and O are concyclic.

Solution: Denote & = ZDAC (Fig.[38). Then

ZBAD = /BAC — ZDAC =90° —«
and since BA and BD are equal, we also have
ZCBA = Z/DBA =180° —2(90° — ) = 2a.

By the choice of point E we get /ZEBC = ZCBA = 2a. From the circumcircle
of ACF we get ZFOC = 2/FAC = 2/DAC = 2a. In conclusion ZFBC =
ZEBC = ZFOC, which yields that the points B, C, F and O are concyclic.

Fig. 38

(Grade 9.) Ats and Pets play the following game on an 8 x 8 grid of
unit squares. At the start all unit squares are uncoloured. On each move a
player colours one uncoloured unit square red or blue that has a common
side with at most one unit square of that colour. They take turns with Ats
starting. The player who cannot make a move loses. Is it possible for either
player to beat the opponent in every counterplay, and if so, which one?
Answer: Yes, Pets.

Solution: Pets’ strategy is to take the square Ats coloured most recently, re-
flect it across the horizontal centerline of the grid, and colour it the opposite
colour from Ats’ square (Fig. 39).

We will show that this strategy always works. Call a game state symmetric
if any two symmetric unit squares with respect to the horizontal centerline
are either both uncoloured or both coloured, but with different colours. The
initial state is clearly symmetric. If the game state is symmetric before Ats’
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Fig. 39

turn, then Ats is forced to choose a square whose counterpart is also un-
coloured. Furthermore, if Ats’ chosen square has at most one neighbour of
the same colour, then its symmetric counterpart has at most one neighbour
of the other colour, so Pets is able to colour it with the other colour and put
the game back into a symmetric state. Thus it must be Ats who eventually
cannot make a move and loses.

(Grade 9.) A point K is chosen on the side AB of the rectangle ABCD
and a point L is chosen on the side BC. The segment KL and the diagonal
BD of the rectangle intersect in the point M. It is known that the lengths
of the segments BM and MD are in the ratio 1 : 4, while the lengths of the
segments KM and ML are in the ratio 2 : 3. What fraction is the area of

triangle BLM of the area of rectangle ABCD?
Answer: %.

Solution: Let Sx denote the area of K.

Triangles BKM and BLM share a common altitude drawn from vertex B,

and the corresponding bases have a ratio of lengths of 2 : 3 (Fig.[40). Thus

2
SpkMm = gSBLM (34)
and therefore also
5
Sprk = SBLM + SBkM = gsBLM-

Triangles BLD and BLM share an altitude drawn from L, and the respective

: BD _ BM+MD _ BM+4BM _
bases have a ratio of lengths of g3; = >3~ = =51 = 5. Thus

SpLp = 5SBLMm-

o L B

K

D A
Fig. 40
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Analogously Sgxp = 5Spxm, which together with Eq. (34) gives
2 10
Spkp =5 35BLM = 5 SBLM:

Triangles BLK and BKD share the base BK, whereas their areas have a ratio
of % : % = 1: 2. Thus the corresponding altitudes BL and BC have a ratio
of lengths of 1 : 2. Triangles BLD and BCD share the altitude CD, whereas

the corresponding bases have a ratio of lengths of 1 : 2. Thus
Spcp = 25BLD-
On the other hand S 4gcp = 2Sp¢p- In conclusion
Sascp = 2Spcp =2-2Sprp =2-2-55prm = 20SpLm-
This means that the area of BLM is % of the area of ABCD.

(Grade 10.) Find all pairs (a,b) of positive integers such that both
a? — 4b and b? — 4a are perfect squares.

Answer: (4,4), (5,6), (6,5).

Solution 1: Let (a,b) satisfy the conditions of the problem and let a < b
without loss of generality. Since b?> —4a < b? and the numbers b? and
b? — 4a have the same parity, we must have b> —4a < (b—2)? = b> —4b+4.
Cancelling common terms and dividing by 4 yields b < a + 1. Together with
the assumption a < b, we are left with two cases: b =aand b =a+ 1.

o Letb = a. Then a? — 4a is a perfect square. But as a> — 4a < (a — 2)?
and the numbers a? and a? — 4a have the same parity, we must have
a> —4a < (a—4)> = > — 8a+ 16, from which a < 4. For 0 < a < 4 we
have a2 — 4a < 0, contradiction. For 2 = 4 we have a? — 4a = 0 = (2,
which yields the solution (4,4).

o Letb =a+1. Thena® — 4(a+ 1) = a® — 4a — 4 is a perfect square. As
a> —4a — 4 < (a —2)? and the numbers a? and a® — 4a — 4 have the
same parity, we must have a2 — 4a — 4 < (a — 4)% = a> — 8a + 16, from
which a < 5. For 0 < a < 5we have a> — 4(a + 1) < 0, contradiction.
For a = 5 we have a?> —4(a +1) = 1 = 12, which yields the solution
(5,6). Both this and (6, 5) satisfy the conditions of the problem.

Solution 2: The expression a®> — 4b being a perfect square is equivalent to the
quadratic equation x?> — ax + b having integer solutions x1 and x,. Vieta’s
formulas yield 2 = x1 + x2 and b = x1x, which in turn give
b—a+l=xx—x—x+1=(x3—-1)(xp—1). (35)
For x; + x; to be positive, at least one of x; and x, must be positive, and
then for x1x, to be positive, both x; and x; must be positive.
Analogously we find that there exist positive integers y1 and y; such that
a—b+1:y1y2—y1—yz+1:(yl—l)(yz—l). (36)
Adding and yields 2 = (x;—1)(xp — 1)+ (y1 — 1) (y2 — 1). As

X1,X2,Y1,Y2 are positive integers, we are left with only three cases.
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o If (xy —1)(x2—1) =2and (y1 — 1) (y2 — 1) = 0, then x1 and x; are 2
and 3 in some order. Thena =2+3 =5and b =2-3 = 6.
e If(xy —1)(xo—1) =1land (y1 —1)(y2 —1) = 1, then x; = x, = 2,
from whicha =b=2+42=4.
e Thecase (x;1 —1) (xp —1) =0and (y; — 1) (y2 — 1) = 2, is symmetric
with the first case and yieldsa = 6, b = 5.
It is easy to see that all the pairs found meet the conditions of the problem.

(Grade 10.) Find all triples (x,y,z) of positive real numbers which
satisfy the system of equations

= ®

Rl NI= =

N

Answer: (1,1,1).
Solution 1: Notice that x = y = z = 1 works. As the system of equations is
cyclically symmetric, assume now without loss of generality that x # 1.

If x > 1, then due to % > 0 the first equation yields z > 1. Due to % >0

the third equation yields y > 1. So all of x, y, z are greater than 1. Assume
without loss of generality that x is the smallest of them. But then due to

1 ..
% < 1wehave z = x¥ < x, contradiction.

Analogously in the case x < 1 we find that all of x, y, z are less than 1.
Assume without loss of generality that x is the smallest of them. But then

1
due to % > 1, we have z = x¥ < x, contradiction.
Solution 2: The given system is equivalent to

x = 2Y,
y=x, (37)
z = y*.
Substituting y from the second equation to the third yields
z=(x%)" = 2. (38)

Plugging this into the first equation of yields x = (x*¥)Y = x*¥%. Hence
x = 1 or xyz = 1. But combining Eq. with the second equation of
gives xyz = x - x% - ¥ = xF#H2 Thus x!7#+2¥ = 1. As 1+ z +zx > 0, we
conclude x = 1. From the system (37), we now getalsoy = 1and z = 1.

(Grade 10.) In triangle ABC, the circle centered at A and passing
through C also passes through the midpoint of BC. The circle centered at B
and passing through C, also passes through the midpoint of AC. Prove that
ABC is isosceles.

Solution: Let the midpoints of BC and AC be D and E respectively. Then
AC = AD and BC = BE, so the triangles ACD and BCE are isosceles
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Fig. 41

(Fig. [41). At the same time they share a base angle at the vertex C, so they

are similar. This yields the equation ‘g—g = %—’g. From the definitions of
1
D and E we get CD = %BCandCE = %AC,SO%—EE) = % = i—(é. In

conclusion g—g = %. Rearranging this gives AC? = BC?, which in turn

yields AC = BC. Thus ABC is isosceles, as desired.

(Grade 10.) The coordinate plane is divided
into crosses consisting of 5 unit squares such that each
unit square is contained in exactly one cross. Find all
pairs (1, m) of positive integers, for which a rectangle
with dimensions 7 x m can be placed onto the grid
such that its sides overlap with the grid lines and no
cross has exactly one unit square covered by the rect-
angle.

Answer: (1,2), (2,1), (1,3), (3,1), (2,3), (3,2), (4,4).
Solution: The rectangle covers exactly one unit square of a cross if and only if
the central unit square of the cross shares an external side with the rectangle
(Fig. . Thus we need to find the pairs (1, m), for which there exists an
n x m rectangle, which does not share an external side with any central unit
square of any cross in the grid.

Fig. 42

Consider the line that coincides with the upper side of the rectangle. We
number the unit squares of the row directly above the line periodically with
the numbers 1, 2, 3, 4, 5 (Fig. . Then we see that all unit squares in that
row which are central in their cross have the same number, and that no
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Fig. 43 Fig. 44

other unit squares have that number. Numbering the unit squares of the
following rows similarly, but shifted by 2 squares each time, we see that all
central unit squares of crosses have the same number (Fig. [#4). Hence none
of the neighbouring unit squares of the rectangle may contain that number.
If any side of the rectangle has length 5 or greater, we clearly reach a contra-
diction. Thus n < 4 and m < 4. Let n denote the number of rows and m the
number of columns in the rectangle. It suffices to study the cases n < m;
the pairs obtained by swapping n and m also satisfy the conditions.

* Let m = 4. Then both the unit squares directly above and directly
below the rectangle must contain all numbers except the forbidden
one. This is only possible if the corresponding rows have identical
numbering, which means n = 4. The pair (4,4) does indeed satisfy
the conditions (Fig. 45).

* Let m = 3. Then n # 3, as the numbers directly above the rectangle
and 4 rows below those numbers would together contain all of the
different numbers in use, including the forbidden one. The pairs (2, 3)
and (1,3) satisfy the conditions (Figures 46|and [47).

* Letm = 2. A2 x 2 rectangle can only cover 1 or 3 unit squares from
each cross, which does not work, so n # 2. The pair (1, 2) satisfies the

conditions (Fig. 48).

Fig. 45 Fig. 46 Fig. 47 Fig. 48

(Grade 11.) Let n be the fifth power of a prime. Can the sum of all
positive divisors of n be a perfect square?
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Answer: No.
Solution: Let n = p° for a prime p. The divisors of n are 1, p, p?, p3, p*, p°
and theirsumis 1+ p+p?+p> +pt+p° = (1+p%) 1+ p+p?).
We will show that 1+ p® and 1+ p + p? are coprime. Assume thatd | 1+ p?
andd | 1+p+p* Thend | p(14+p+p?) — (1+p°) = p>+p—1and
thusalsod | (P> +p+1) — (PP+p—1) =2. Asp+p? = p(p+1)iseven,
1+ p + p? must be odd, so d = 2 is not possible. Thus we can only have
d = 1, which means that 1 + p® and 1 + p + p? are coprime.
Thus, for (14 p®) (14 p+ p?) to be a perfect square, both factors 1 + p°
and 1+ p + p? would have to be perfect squares themselves. This is impos-
sible though, as p> < 1+p+p> <1+2p+p* = (p+1)%, 501+ p+p*is
between two consecutive perfect squares.
(Grade 11.) Let n be a positive integer. Order the numbers (n!)", n™
and (n")! by size and find all equality cases.
Answer: (n!)" < n™ < (n")!, where the first inequality is an equality for
n =1and n = 2 and the second inequality is an equality for n = 1.
Solution 1: Throughout the solution, we will use the inequality

n!:1-2-...~n:2-...~ngn;..un:n”_l,

n — 1 factors
where for n > 3 the inequality is strict.
Ifn=1orn =2, then (n!)" = n™. In the case n > 3 however

(7’1!)” < (nnfl)n _ n(nfl)-n < nn!.

On the other hand
<™ =0 .
—
n"! factors
Comparing the first factor # in this product to the product1-2-...-n, the
second factor to the product (n +1) - (n +2) -...-2n etc., we get a compar-
ison with (n™)!. The comparison is a strict inequality for all n > 2. Thus
no...on<(n"),
n"~1 factors

where equality holds only for n = 1. In conclusion n™ < (n")!, where
equality holds only for n = 1.

Thus we always have (n!)" < n™ < (n")!, where the first inequality is an
equality for n = 1 and n = 2 and the second one is an equality for n = 1.
Solution 2: If n = 1 or n = 2, then (n!)" = n™. We will show that for
n > 3 we have (n!)" < n™. Raising both sides to the power of % yields the
equivalent inequality n! < n("~1)!, where dividing by n yields the equiva-
lent inequality (17 —1)! < n(*~1'~1 This is a special case of the inequality
m < n™=1 which holds for all # > 3 and m > 2. This can easily be proved
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by induction over m. For m = 2 the inequality clearly holds and assuming
the inequality to hold for some m and 1, we get

plm+1)-1 (m—1)+1

=n ="l n>m-on>m-2=m+m>m+1.
This completes the induction step, proving the desired inequality.
Ifn =1, then n™ = 1 = (n")!. We will show that n™ < (n")! for n > 2. For
this notice that
(mt'=@1-2-...-n)-(n+1)-(n+2)-...-n")
>m+1)-n42)-...on">p-on-.on=n"""
~————

n" — n factors

Thus it remains to prove n™ < n™' " which is equivalent to n! < n" —n.

We will prove it by induction. In the case n = 2, equality holds. Assuming

n! < n" —n for some n, we get

(m+1)!=n+1)-n<(n+1) (n" —n)

<(n+1)-(n"-1)=m+1)-n"—(n+1)
<(m+1)-(n+1)"—(n+1)=m+1)"" — (n+1).

This completes the induction step, proving the desired inequality.

Thus we always have (n!)" < n™ < (n")!, where the first inequality is an

equality for n = 1 and n = 2 and the second one is an equality for n = 1.

(Grade 11.) In an acute triangle ABC, the circumcentre is O and the

orthocentre is H. The lines AH and BH intersect the circumcircle of ABC at

D # Aand E # B. Let K # C be the intersection of BC and the circumcircle

of CEO. Let L be the circumcenter of BHD. Prove that OKL is isosceles.

Solution: We will show that ZOKL = ZKLO.

By definition, L lies on the perpendicular bisector of HD (Fig.[49). Using

the circumcircle of ABC and the altitudes in ABC, we get

/DBC = /DAC = 90° — ZACB = /CBH (39)
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and as BC L HD, the altitude and angle bisector drawn from B in triangle
BHD coincide. This makes BHD isosceles and means that BC is also the
perpendicular bisector of HD. Thus L lies on BC. From this and the cyclic
quadrilateral CKOE we get ZOKL = 180° — ZCKO = ZOEC. Since OC and
OE are equal as radii, we get ZOEC = M =90° — #. But from

the circumcircle of ABC we get % = ZCBE = ZCBH. In conclusion
ZOKL =90° — ZCBH. (40)

By definition, L also lies on the perpendicular bisector of BD (Fig.[50). As
both B and D lie on the circumcircle of ABC, O lies on the perpendicular
bisector of BD as well. Thus OL is the perpendicular bisector of BD. As L
lies on BC, we get ZKLO = 90° — ZDBC. Together with Eq. (39), we get

/KLO = 90° — /CBH. (41)
Finally, combining and yields ZOKL = ZKLO, as desired.

(Grade 11.) A finite number of positive integers is written on the
blackboard. On each turn, two numbers x and y such that x < y are re-
placed with the numbers x + ged(x + 1,y +1) — 1 and y — ged(x, y). Prove
that after finitely many turns, all numbers on the blackboard will be equal.
Solution: As ged(x +1,y+1) > 1 and ged(x,y) < y for x < y, the new
numbers written on each turn are positive. We will also show that both
new numbers are smaller than y. Indeed, we have y — ged(x,y) < y as
ged(x,y) > 0, and since

ged(x+1,y+1) = ged(x+1, (y+1)—(x+1)) = ged(x+1,y—x) < y—x,
wealsohavex + ged(x + 1,y +1) —1<x+(y—x)—1=y—-1<y.
Assume now for contradiction that for some starting position there exists
an infinite sequence of turns. As the number of integers written on the
board is fixed and we have shown that the greatest integer on the board
cannot increase, there are a finite number of possible positions, so some
position must be repeated. Let k be the greatest number erased between
two instances of this position. But we have shown that only numbers less
than k will be written on the board. Therefore there will never be enough
copies of k on the board for the position to repeat. This gives the desired
contradiction. The contradiction implies that we will reach a position with
all numbers equal in a finite number of turns.

m (Grade 12.) Fmd all triples (x,y, z) of positive integers which satisfy
the equation x¥~ = y*°
Answer: (2,4,1), (4,2, 1) and all triples (x,y,z) where x = y.
Solution: Any triple with x = y clearly works. Since x = 1 implies y = 1 and
vice versa, assume from now on that 1 < x < y without loss of generality.
Denote x* = t and Z—z =7r. Thent > 2 and r > 1. We obtain y* = rt and
can rewrite the given equation as x"* = y'. This is equivalent to x" = y.
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Therefore rt = y* = (x")* = (x*)" = t', which can be rewritten as
= (42)

Raising the positive integer t to a positive rational power r — 1 yields either
an integer or an irrational number as a result. But on the other hand the
result is r, which is rational by definition. Thus r must be an integer.

Using t > 2, Eq. yields 2"~ < r. Here equality holds for r = 2, whereas
for r > 3 a simple induction shows that 2"=1 > ¢ Thus we can only have
solutions for t = 2,7 = 2. From x* = t = 2 the only solutionis x =2,z =1
and y = x" = 22 = 4. The triple with x and y swapped also works.

(Grade 12.) Let a, b, ¢ be real numbers from [0, 1]. Prove that
9abc+9>2(a+b+c)>.

Solution 1: Since a,b,c € [0,1], we have 0 < ab < 1and 0 < ¢ < 1. This
implies (1 —ab) (1 —c) > 0 which can be rewritten as 1 + abc > ab + c.
Analogously 1+ abc = bc+a and 14 abc > ca+b. Adding up those
inequalities and multiplying by 3 yields

9abc+9 >3 (a+b+c)+3(ab+ bc+ca). (43)
Note that a > a?> and a > ab, giving us 3a > 24 + ab. Analogously we have
3b > 2b% + bc and 3¢ > 2¢% + ca. Adding them up yields

3(a+b+c) 22(a2+b2+c2) + (ab+bc+ca).
Using this in {@3), we get
9abc+922(a2+b2+c2>+4(ab+bc+ca) =2(a+b+c).

Solution 2: Notice thatif a + b + ¢ < 2, then
9abc+9>9>8=2-22>2(a+b+c)>.
Now assumea+b+c > 2. Definex =1—a,y =1—-bandz =1—c.

Then x, y and z are also from [0, 1]. Substitutinga =1 —x,b =1 —y and
¢ = 1 — z into the desired inequality along with simplification yields

3(x +y+2z) +9(xy +xz +yz) = 2(x +y +2)* + 9xyz. (44)
Note that0 < x+y+z =3— (a+b+c) < 3—2 = 1. Therefore, we have
3(x +y+z) = 2(x+y+2z)?and 9(xy + xz + yz) > 9xy > 9xyz, so the
inequality (@4) holds.
Remark: This problem can also be approached using derivatives.

(Grade 12.) A positive integer 1 is given. Find all positive integers
that can be expressed as the sum of one or more distinct positive odd inte-
gers, each of which is less than 2n.

Answer: All positive integers up to n?, except 2 and n? — 2.
Solution 1: Since 143+ ...+ (2n — 1) = n?, it is clearly impossible to
achieve numbers greater than n2. The number 2 cannot be expressed as the
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sum of distinct positive odd integers, and neither can n? — 2, as then the
unused terms would have to add up to 2.
We will prove by induction on 7 that all positive integers up to n> except
2 and n? — 2 can be expressed as the sum of distinct positive odd integers.
Forn = 1,2,3wecan use thesums1 = 1,3 = 3,4 = 1+3,5 = 5,
6=1+58=3+5and 9 =143 +5. Assume now that the claim holds for
some 1 > 3. Then we can already achieve all numbers from 1 to n? except 2
and n? — 2. Thus it remains to express n> — 2 and the numbers from 7% + 1 to
(n+1)?, except (n + 1)? — 2. Using the newly available addend 27 + 1, the
remaining addends must be used to express n?> — 21 — 3 and the numbers
from n?> —2nto (n+1)2 — (2n+1) = n?, except (n +1)> =2 — 2n+1) =
n? — 2, which can clearly be done by the induction assumption, as both
n? —2n — 3 and n? — 2n are non-negative and less than n? —2forn > 3.
Solution 2: Like in Solution 1, notice that the numbers 2, nZ — 2 and the
numbers greater than 72 cannot be expressed. We will show that the rest of
the numbers can be expressed.
Let x be a positive integer satisfying x < n?, x # 2 and x # n? — 2. We de-
fine the sequence of partial sums a,,a,_1,...,ap recursively, starting from
a, = x and foreach k <n
o ak—(Zk—l),ifak22k—1andak—(2k—1)752,
f-1= { ay otherwise.

We show by mathematical induction over k, that for all k < 7 the following
three conditions are satisfied: 0 < a; < k%, a; # 2 and a; # k* — 2. The base
case k = n holds by definition. Assume now that for k = m the conditions
are satisfied, and we will show that they are also satisfied for k = m — 1.
First consider the case a4, 1 = a4, — (2m —1). Then0 < a,,_1 and a,,, 1 # 2
and since a,, < m? also 0 < a, 1 < m?>— (2m—1) = (m—1)2. As
am # m? —2,wealso geta,, 1 # (m —1)? — 2. Thus all conditions are met.
Second consider the case where a,,_1 = a,, due to a,, — (2m — 1) = 2. Then
am = 2m+1and a,,_1 # 2. Then also 2m +1 # (m — 1)?> — 2, because
the quadratic equation m? — 4m — 2 = 0 has no integer solutions m. The
inequality 2m + 1 < (m — 1)? is equivalent to m(m — 4) > 0 and holds for
m > 4. Form =1,2,3we'dgeta; =3 >1= 12,40 =5 >4 = 2% and
a3 = 7 = 3% — 2 respectively, all of which are contradictory.

Finally consider the case where a,,_1 = a; due to a,, < 2m — 1. Then
am < 2m —2and a1 # 2. If m > 4, then analogously to the previous case
wegeta, 1 <2m—1< (m—1)2—2.1fm =3, then (m —1)*> —2 =2, but
Ap_1 # 2. Ifm=2o0rm =1, thena, 1 # (m—1)> -2 < 0. We finally
note that 2m — 2 < (m — 1)? is equivalent to (m — 1)(m — 3) > 0, which
holds for all m # 2. Thus also a,,_1 < (m —1)? for all m # 2. If m = 2, then
a; <2-2—2=2,butap # 2 by our assumption, so a1 = a; < 12.

Thus the three conditions are met for all k < n. Taking k = 0 implies a9 = 0
which gives us an expression for x as a sum of distinct odd positive integers.
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(Grade 12.) Solve the equation
sin3x + sin 7x = sin 10x.

Answer: x = 5k7‘[ and x = 3k71 and x = 7k7T where k is an arbitrary integer.
Solution 1: Rewriting 10x = 3x 4+ 7x and using the formula for the sine of
the sum of two angles yields

sin 3x + sin7x = sin3x cos 7x + cos 3x sin 7x.
Factoring this yields

sin3x (1 — cos7x) +sin7x (1 — cos 3x) = 0. (45)
Writing 3x = 2+ 3x and 7x = 2- Zx, we can use the double angle sine and
cosine formulas to get

i _ — 2gin 2 3 — cos2 7 in2 7
sin3x (1 — cos7x) = 2sin3xcos 3x (1 — cos® 5x 4 sin” 5x)

= 4sin %x cos %x sin? ;x
Similarly we get sin7x (1 — cos3x) = 4sin 5x cos 5xsin? 3x. Thus Eq.
transforms to
3 3 7 7 7 3
4sin 5XCos 5X sin? 5x + 4 sin 5X oS 5X sin? S = 0.
Dividing by 4 and factoring yields

sinéxsinzx sinzxcos§x+coszxsin§x =0
2 2 2 2 2 27 )

where the formula for the sine of a sum of two angles gives
3 7
sin 5% sin 7x sin5x = 0.

This equation is equivalent to the original equation and holds if and only if
any of the factors is equal to 0. Thus we get the solutions x = %kn, X = %krf
and x = %kn where k is an arbitrary integer.

Solution 2: On the left hand side of the equation, we apply the formula

sina +sinf = 2sin H; cos ﬁ and on the right hand side, the double
angle formula. This ylelds

2sin5x cos2x = 2sin5x cos 5x.

Here sin5x = 0 holds for x = %kn, where k is an arbitrary integer. If

sin5x # 0, then we can divide the sides by 2sin5x to get cos 2x = cos 5x,
which can be written as cos 2x — cos 5x = 0. Here, by applying the formula
a+/3 x— /5

cosa —cos B = —2sin sin —*~, we get

7
2sin Ex sin %x =0.

Here sin %x = 0 holds for x = %kri and sin %x = 0 holds for x = %kr{.

Solution 3: We use complex numbers; let w = cos x 4-isin x. Then

w}’l

w

= cosnx +isinnx,
= cos(—nx) 4+ isin(—nx) = cosnx —isinnx,
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which enables us to express

n —n

. _w'—w
sinnx = A
Now the equation given in the problem reduces to
w3 — w3 w — w7 w10 — =10
2i + 2i N 2i
Multiplying both sides by 2i yields w® — w2 + v’ — w7 = w!® — w10,

which is equivalent to w? — w!” — w!3 + w” + w3 — 1 = 0. Factoring yields

(1) (1) (2-1) 0.

2 2
Hence w? = 1 or w” = 1 or w'® = 1, which implies x = % orx = %
27mn .
X=—5 for any integer n.

Selected Problems from the IMO Team Selection
Contests

Let x1,x7,...,x, be positive real numbers, where n > 2. Prove that
there exist indices i and j such that
2
(X1 +x24... 4+ xp) <2x;.
X1 +2xy+...+nxy
Solution: Solving the problem is equivalent to showing that

X (3142504 . Anxy) < (X14x0+. . .+2,) < 2xj (x1+2x2+. . .+nxy)

for some indices i and j.

Letx; = knllin xi. Note that, forevery k =1,2,...,n,
=1,...n

x; <

kxi:xi+xi+...+x/i<x1+x2+...+xk.
k addends
Thus
X (x142x04. . Anxy) = xix1 +2x%0 + ... + 0X;Xp
< x1x1 + (x1+x2)x0 + .o (X104 X)X,
= (24234 +x2) + (x1x2+ 2103+ ..+ X1 %)
< (24234 422) + 2 (xx+x1x34 -+ Xy 1Xn)
= (x + x4 )

Let Xj= kmax xi. Like before, note that, for every k =1,2,...,n,
=1,...n

kxj:x]»—l—xj—l—...—l—xj>x1—|—x2+...+xk.
~————
k addends
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Thus

2xj(x1+2x04. . Anxy) = 2 (xjx1 + 2x5x0 + ... + nxjxy)
2(x1x1+(x1+x2)x2+ A (X Fx24. . Axp) x)
2(x3+x3+. . 4x3) +2(xpxo+ x5+ - A X120
(24234, +x2) +2(x1200+ X1 X3+ . 421 X)
(x1+x2+...4x)%

W H

Vv

Let R be the set of real numbers. For a function f : R — R and for
all real numbers x, y and z the following inequality holds:

)+ f(y)+ f(2) = f(xy) + fyz) + f(2x).

Prove that f is an even function.

Solution 1: Denote the given inequality by P(x,y,z). Then P(—1,1,1) gives
fED+ M)+ () = f(=1) + f(1) + f(=1), implying f(1) > f(—1).
On the other hand, P(—1,—1,-1) gives f(—1) + f(=1) + f(=1) > f(1) +

f(1) + f(1), reducing to f(—1) > f(1). Altogether, we have proven that
f) = f(=1). (46)

Let now x be an arbitrary non-zero real number. Then P ( = —1) implies

£+ £ (1) +£(-1) > @)+ (~2) + F (~2). By applying Eq.
and rearranging terms, we obtain

fx) - f (—1> > f(—x)— f <1> . @)

X X

On the other hand, P (x, - %, —1) along with cancelling of like terms yields

s+ £ (-3) 2 (3) 50 (18)

Adding the inequalities (47) and (48) along with division by 2 leads to
f(x) > f(—x). As this inequality holds for every non-zero real number x,
also f (—x) = f(— (—x)) = f(x) holds for every non-zero real number x.
Altogether, we have proven the equality f(x) = f(—x) for every non-zero
real number x. This means that f is an even function.
Solution 2: Like in Solution 1, denote the given inequality by P(x,y,z).
Denote f(0) = a and f(1) = b. For any real number x, P(x,0,0) gives
f(x)+a+a>a+a+a, implying

f(x) > a (49)
for all x. On the other hand, P(x,1,1) gives f(x) +b+b > f(x) + b+ f(x),

implying
b= f(x) (50)

for all x. Hence all values of f are bounded between a and b.
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Next, let x be an arbitrary non-zero real number. Then P (x X, ) along

w1thg1vesf(x)+f(x)+f<§) > () +b+b>f(x%)+f(x)+D

which simplifies to

1
fx)+f <> > f (xz) +b. (51)
As b is an upper bound of all values of f, Q(x) implies

Denote (51) by Q(x).
fx)+f ) (%) + (E) and, in a similar fashion, Q ( ) leads to

f (%) > f (lz) ( ) These inequalities simplify to
flx) > f(x?),
I

x))f( ) (52)

respectively.

We now prove that f(x) = b for every non-zero x. Suppose the contrary,
i.e., f(x) < b for some non-zero x. As there is a lower bound 4 of all values
of f, there also must exist a constant

c=inff (x). (53)

By our assumption, ¢ < b, implying that we can find a non-zero x such that
flx) < %. Using for that x, we obtain

£(2) 41 (52) <S04 50 =2 <2
On the other hand, Q (x?) along with gives

f(x2)+f<xlz) >f(¥) +b>c+b.

The contradiction establishes that indeed f(x) = b for all non-zero x.
Hence f(x) = b = f(—x) for all non-zero x, so f is even as desired.
Remark: Solution 2 shows that all functions that satisfy the inequality of the
problem are of the form

~C+b:c+b.

f)={piale

where a and b are arbitrary real numbers such that a < b.

Find all integers n > 2 for which there exists a set P of n points in
the plane, such that whenever A and B are distinct points in P, then there
exists a point C in P, such that ABC is equilateral.

Answer: 3.
Solution 1: For n = 3, three points forming an equilateral triangle satisfy the
conditions. In the following we assume that n > 3.

Let A and B be two points in P with the maximal distance d between them.
Then there exists C € P such that AC = BC = AB =d.
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We will show that in the set P \ { A, B, C} there exists a point which is not in
the interior of ABC (being on its sides is allowed). Assume for contradiction
that all points from the set P \ {A, B, C} lie in the interior of ABC. Let D
be any of them. Then there exists a point E such that ADE is equilateral.
By our assumption, E lies in the interior of ABC as well (Fig.[5I). But then
we have ZDAE < 60°, contradiction. So indeed there must exist a point
in P\ {A, B, C} which is not in the interior of ABC.

Fig. 51 Fig. 52

Let T, be the set of points P for which AP < d and the segments AP and
BC intersect. Define 7p and 7¢ analogously (Fig.[52). Each point X € P
not located in the interior of ABC must therefore be in one of these sets,
otherwise one of the segments AX, BX and CX would be longer than d.
Assume without loss of generality that D € (P \ {4, B,C}) N Ty for some
point D. Then there exists a point E € P for which ADE is equilateral. If
E € Ty or E lies in the interior of ABC, then both D and E lie within the
angle BAC (Fig.[53). But then ZDAE < 60°, contradiction. So E must lie in
Tp or Tc. Assume without loss of generality that E € T (Fig.[54).
Now we notice that

ZBAE = /BAD + Z/DAE = ZBAD + 60° > 60°
and

LAEB = ZAED — ZBED = 60° — ZBED < 60°.
Thus ZBAE > ZAEB, which means BE > AB = d, contradicting the defi-
nition of d. Thus n > 3 is not possible.
Solution 2: For n = 3, three points forming an equilateral triangle satisfy the
conditions. In the following we assume that n > 3.

Let A and B be two points in P with the maximal distance d between them.
Then there exists C € P such that AC = BC = AB = d. Consider the three
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Fig. 53 Fig. 54

circles wy, wp and wc, each with radius d, centered at A, B and C respec-
tively. By the definition of d, all points in P must lie in the intersection of
these circles (Fig.[55), denoted by U. Define Vj as the shape obtained by ro-
tating U by 60° around A such that B goes to C, and taking the intersection
of the original and new /. Define V¢ and V4 analogously (Fig. [56).

wA WA

B B

Fig. 55 Fig. 56

Consider any D € P\ {A, B,C}. Assume without loss of generality that D
lies on the same side of the perpendicular bisector of BC as B (or on the
bisector itself). Then there exists E € P, such that ADE is equilateral. Con-
sider first the case where E is obtained from D by the rotation centered at A
which also takes C to B (Fig.[57). Then

/EAC = ZEAD + Z/DAC = 60° + ZDAC > 60° 4 30° = 90°.
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Fig. 57 Fig. 58

But then E would lie on the other side of the tangent to wc at A, as this tan-
gent is perpendicular to AC, and thus be outside I/, contradiction. Thus E
is obtained from D by the rotation centered at A which also takes B to C.
As E must also lie within ¢/, it must lie within Vg (Fig. . But as D is also
obtained by rotating E by 60° around A, we see that D € V.

Similarly we find that if D lies on the other side of the perpendicular bisec-
tor of BC, then D € Vp. Thus D € Vg U V. Considering rotations around
B and C, we obtain analogously that D € VcUV g and D € V4 U Vp. In
conclusion D € (VU V)N (Ve UV4) N (V4 UVp). Next we notice that

(VsUVe)N(VcUVa)N(VaUVp) = (VgNVc)U(VcNVa)U(VanVp).

Thus the point D must lie in the intersection of some two of V4, Vp and V;
assume without loss of generality that D € Vp N V. But as the rotation by
60° around A takes the perpendicular bisector of BC to the tangent of wp
at A, we see that )V lies entirely on the same side of the perpendicular
bisector of BC as B; analogously Vg lies entirely on the other side. Thus
Vg N Ve = {A}, which yields D = A. But this is in contradiction with the
choice of D. Thus n > 3 is not possible.
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